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ABSTRACT. Gced-graphs over the ring of integers modulo 7 are a simple and elegant class of
integral graphs. The study of these graphs connects multiple areas of mathematics, includ-
ing graph theory, number theory, and ring theory. In a recent work, inspired by the analogy
between number fields and function fields, we define and study gecd-graphs over polyno-
mial rings with coefficients in finite fields. We discover that, in both cases, gcd-graphs share
many similar and analogous properties. In this article, we extend this line of research fur-
ther. Among other topics, we explore an analog of a conjecture of So and a weaker version
of Sander-Sander, concerning the conditions under which two gcd-graphs are isomorphic or
isospectral. We also provide several constructions showing that, unlike the case over Z, it is
not uncommon for two gcd-graphs over polynomial rings to be isomorphic.

1. INTRODUCTION

Unitary graphs and their natural generalizations, gcd-graphs, over Z are first formally
introduced by the work of Klotz and Sander (see [6]). Since this work, the literature has seen
an explosion of research around the topics exploring many further fundamental properties
of these graphs including their connectedness, bipartiteness, perfectness, clique and inde-
pendence numbers, spectral properties, and much more. We refer the readers to [1} 2, 14} 5]
and the references therein for further discussions around this line of research.

We first recall the definition of a gcd-graph.

Definition 1.1. Let A be a PID and n € A which is not a unit. Suppose further that the ring
A/n is finite. Let Div(n) be the set of proper divisors of n (defined up to an associate) and
D C Div(n). The ged-graph G, (D) is the graph equipped with the following data

(1) The vertex set of G,(D) is A/n.

(2) Two vertices a,b € G, are adjacent if and only if ged(a — b,n) € D.

In other words, G, (D) is the Cayley graph on A/n with the generating set
Sp ={h € A/n|gcd(h,n) € D.}

The case A = Z is discussed in [6] and the case A = IF;[x] is the main topic of [8]]. By their
own nature, we can see that the study of these gcd-graphs graphs bridges several branches

2020 Mathematics Subject Classification. Primary 05C25, 05C50, 05C51.

Key words and phrases. Ged-graphs graphs, Function fields, Integral graphs, Isopsectral graphs .
JM is partially supported by the Natural Sciences and Engineering Research Council of Canada (NSERC)

grant R0370A01. He gratefully acknowledges the Western University Faculty of Science Distinguished Profes-
sorship 2020-2021. TTN is partially supported by an AMS-Simons Travel Grant. NDT is partially supported by
the Vietnam National Foundation for Science and Technology Development (NAFOSTED) under grant number
101.04-2023.21.



of mathematics including graph theory, number theory, commutative algebra, and character
theory for finite groups. For example when A = Z, using the the theory of Ramanujan
sums, the authors of [6] show that gcd-graphs are integral; meaning all of their eigenvalues
are integers. In [13], So shows that the converse is true as well: a Z /n-circulant graph is
integral if and only if it is a gcd-graph. So also poses a conjecture about whether a gcd-graph
Gn(D) determined D and n (see [13| Conjecture 7.3]). While this conjecture is still open, some
progress has been made. For example, Sander-Sander in [11] asks that given n whether D is
determined by the spectral vector (Y_scp c(¥, §))}_, where c(¢, §) is the Ramanujan sum (see
[6, Section 4] for the definition). We remark that the components of this spectral vector are
exactly the eigenvalues of G, (D) counted with multiplicity. In the same paper, Sander and
Sander prove their own conjecture. In [12], Schlage-Puchta gives a new and shorter proof
for the weak conjecture of Sander-Sander using a determinant involving Ramanujan sums.

Given what is already known in the case A = Z, one may ask whether the conjecture
of So and the weaker version of Sander-Sander hold in the case A = [F;[x]. As we will see
in this article, the answer is NO for the first question (though it fails for a good reason, see
Remark [4.14) and YES for the second question. In fact, for the first question, we will provide
various constructions of isomorphic gcd-graphs for different f and D. One particular reason
for this stark difference between the number case and the function field case is that over
function fields, we can find f # ¢ such that IF,[x]|/ f = FF,[x] /g whereas in the number field
case, this is impossible. For the second question, we will show that the approach of [12] can
be adapted naturally in the function field setting leading to a proof of the weak conjecture of
Sander-Sander in this case.

1.1. Outline. In Section 2| we prove the analog of the weaker conjecture of Sander-Sander
in the function fields setting. More precisely, we show that for a fixed f € IF;[x], D is deter-
mined by a spectral vector describing all eigenvalues of G¢(D). We achieve this by studying
a matrix involving Ramanujan sums whose counterpart over Z was introduced in [12]. In
Section 3} we study gcd-graphs G¢(D) where f is a prime power. Here, we show that many
of the results concerning the spectrum of G f(D), as described in [10,11], have analogs in the
function field setting. Furthermore, we explore several fundamental graph-theoretic prop-
erties of G¢(D) such as their bipartiteness, perfectness, clique, and independent numbers,
which, to the best of our knowledge, have not yet been addressed in the literature—even
for ged-graphs over Z. Section [4] studies isomorphism between ged-graphs. This is where
we will see differences between gcd-graphs over Z and ged-graphs over F,[x]. By analyz-
ing experimental data via the Python library Networkx, we provide several constructions of
isomorphic gcd-graphs.

1.2. Code. Many insights in this paper are gained through an extensive analysis of experi-
mental data. The code that we wrote to generate data and do experiments on them can be
found at [9]. Additionally, we have also verified all statements in this work with various
concrete and computable examples.



2. SPECTRAL VECTORS DETERMINE D

Let g be a prime power, and f € IF,[x] a monic polynomial. As we explain in [8, Section
6], there is a direct analogy between the character theory of Z /n and that of IF,[x]/ f. More
specifically, while the character theory of Z /n can be fully described once we fix a primitive
n-th root of unity, the character theory of IF,[x|/f is similarly determined by a fixed non-
degenerate functional on IF,[x]/f. To be more specific, the spectra of gcd-graphs in both
cases have an explicit description via Ramanujan sums. For the case of gcd-graphs over
Z, we refer readers to [6, Section 4]. For F,[x]|, we will now recall the definition of the
Ramanujan sums which describe the spectra of gcd-graphs.

Definition 2.1. (see [8| Section 6.2]) Let f € IF,[x] be a monic polynomial. For each g € IF,[x],
the Ramanujan sum c(g, f) is defined as follow
Tr
(g =cylgN= L "
ac(FFy[x]/ )
Here ¢ : Fy[x]/f — TF; is a non-degenerate function on IF,[x] and Tr : F; — T, is the trace
map.

While the above definition looks rather complicated, we can show that c(g, f) has a simple
expression almost analogous to the case of Ramanujan sums over Z. In particular, c(g, f)
does not depend on the choice of ¢ as long as we make sure that it is non-degenerate. More
precisely, by [8, Section 6.2] we have

C0?) here =S
(21) C(g’f) - .u(t) gD(t) 4 h t ng(f/g)

The following definition is inspired by the work [11] of Sander-Sander on gcd-graphs over
Z.

Definition 2.2. Let Div(f) be the set of proper monic divisors of f. Let D C Div(f). The
spectral vector of the gcd-graph G¢(D) is defined to be the following vector

A(f,D) = (As(f: D)) ger, /7
where

(2.2) Ag(f,D)=) ¢ (g,i;).
deD
By the main result in [8, Section 6], the components of this spectral vector are precisely the
eigenvalues of G¢(D) counted with multiplicity. The following theorem is a direct analog of

[11, Theorem 1.2]

Theorem 2.3. Let D1, D, be two proper subsets of Div(f). Suppose that G¢(D1) and G (Dy) have
the same spectral vector. Then Dy = Ds.

To prove Theorem we adapt the strategy employed in [12] which deals with gcd-
graphs over Z. More precisely, we will introduce and study a matrix similar to the one
defined in [12]]. Let g, 1 € IFy[x] and c(g, i) the Ramanujan sum. Let Cr = (c(g, 1)) g nepiv(f)-
In [12, Theorem 1], the author solves the weak conjecture of Sander-Sander by showing that

the determinant of C,, is not zero. In the case of IF, [x], we have a similar statement.
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Proposition 2.4. Let |f| be the norm of f; i.e, |f| is the order of the finite ring IFy[x]/ f. Then
det(Cy) = +|f|F.
Here T(f) is the number of monic divisors of f. In particular det(Cy) # 0.

Proof. We proceed by induction on the number of monic irreducible factors of f. If deg f = 0
then f = 1 and det(C;) = 1. Now let deg f > 0 and P a monic irreducible polynomial
comprime to f. Let n be a positive integer. Let fi, f2, ..., f; be the monic divisors of f, here
r = 7(f). We list the monic divisors of P" f as

fl/fZ/"'/frlpfllple"'Ipfr/"‘/PZfllpszI"'/PZfr/‘"IPnfllpanI"'/PnfT‘

Then Cpns is an (1 + 1) x (1 + 1)-block matrix

Coo Co1 -+ Con
Co Cnn -+ Ciy
CnO Cnl et Cnn

where C;j is a ¥ x r-matrix whose (k, I)-entry is
(Cij) = c(P'dy, Pldy).

Clearly Coo = Cy. If j > i + 2 then

i1 D (Pldy) Pid,
e (D )”(gcdmdk, pidy)) ="
¢ ng(Pidk,del>
o Pid, N
is is because ocd(Pdy, Pid)) is divisible by
If j =i+ 1 then
i0 i (P/d;) Pid,
P'dy, Pld)) = . - -
c(P'dy, Pidy) Pid, M Pid,, Pidy))
P ecd(Pidy, Pid))
o(P™h)  o(d) i
= Pyu(——-L
¢(P) di P edta, ar)’
ng(dk/dl)
— _|pli @(d;) d _ . pli
= PPk ay) =~ Pleld ),
o) ©
ged (dy, dp)

and hence C; ;1 = —|P|in.



If j < i then

i ‘ p(Pld)) Pid,
Pid,, Pld;) = ‘ . -
C( k l) P]dl )]/l ng(Pldk,P]dl)
P ged(Pidy, Pid))
¢(P))g(d)) d
d; ged(dy, d;)
ol ged (dy, d;) )
= @(P)c(dy, dp),
and hence Cjj = ¢(P/)Cy. Thus
[C,  —Cy 0 0 0 |
Cf gD(P)Cf —‘P‘Cf 0 0
Cf gO(P)Cf ¢(P2)Cf —|P|2Cf 0
Cpig=| . ) :
Cr @(P)Cr @(P)Cy @(P?)Cy -+ —|P|"1Cy
[Cr @(P)Cy @(P?)Cy @(PP)Cy ---  @(P")Cy |

Subtracting the nth row from the 1 + 1th row and noting that ¢(P") + |P|"~! = |P"|, we get

Cr G 0 0o .- 0
Cf QD(P)Cf —‘P‘Cf 0 0
C P)C PC; —|P|*C, --- 0
det(Cpis) = +det | d ,) s #(PCy |_| !
Cr @(P)Cr @(P))Cy @(P3)Cy -+ —|P|"'Cy
0 0 0 0 - |PI"Cy
c; Gy 0 0 - 0 |
= +|P|" det(Cs) det |Cr @(P)Cs @(P?)C; —[P|*Cy --- 0
Cr 9(P)Cr @(P2)Cr @(PP)Cr -+ @(P"1)Cy)

=+ = £|P[" det(Cs)|P|"" V) det(Cy) - - - | P"| det(Cy)
= +[P|"5 ) (det Cp)m L,

By the induction hypothesis

n(n+1 (n+1)T(f)

det(Cyrg) = [P|" 57O (|| # ) = (PP ) “H = P,

and we are done. O
We can now give a proof for Theorem

Proof. Assume that G;(D1) and G¢(D2) have the same spectral vector A(f,D1) = A(f, D).

Then, the subvectors (Ag(f, D1))qr and (Ag(f, D2))g| indexed by divisors of f are also
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equal. For each i € {1,2}, we define the following indicator vector of size |t(f)| x 1

1 iff/heD,,
(0i)n = )
0 if f/h ¢ D;.

We then see that the vector (Ag(f, D1))g|s (respectively (Ag(f, D2))y|s) are precisely Cru
(respectively C¢vs). Since Cy is invertible, we conclude that v; = v; and therefore, D; = D;.
]

3. GCD-GRAPHS ASSOCIATED WITH PRIME POWERS

In this section, we study the gcd-graphs G¢(D) in the case f is a prime power; i.e, f = Pk
where P € F,[x] is an irreducible polynomial and k > 1. In this case, a subset D of Div(P¥)
can be written uniquely in the following form D = {Pkl, pk .. PkS} where

0<ki<hky<...<ks <k
We will fix this notation throughout this section.

3.1. Graph theoretic properties of Gpr (D). We first discuss some fundamental graph-theoretic
properties of Gpe(D). Recall that for each f € Fy[x], |f| = q98() is the order of the finite
ring IF,[x]/ f.

Proposition 3.1. G (D) has exactly |P|¥t connected components and each component is isomorphic
to Gpk—i, (D') where
D' = {1,pkk  pk-h}

In particular, Gpi (D) is connected if and only if ky = 0.

Proof. By definition, the cosets {g + P (IF,[x]/P¥)} where g runs over Fy[x]/Pk are mu-
tually unconnected. Furthermore, by [8, Lemma 5.4], each of these cosets is isomorphic to
Gpi—+, (D) which is connected by [8, Corollary 3.4]. O

Proposition 3.2. Gpi(D) is a bipartite graph if and only the following conditions hold

(1) Fy = TF,.
(2) deg(P) = 1; namely either P = x or P = x + 1.
(3) D = {1}.

Proof. Suppose that Gpi (D) is a bipartite graph. By [8, Corollary 4.2], we must have [F; = IF,
and ged (P¥, x(x + 1)) # 1. Since P is irreducible, we conclude that either P = x or P = x + 1.
By [8, Theorem 4.3], we also know that for each 1 < i < s, gcd(P¥, x(x + 1)) { PS. This
happens only if k; = 0; or equivalently D = {1}. Conversely, if all of the above conditions
are satisfied, then by [8, Theorem 4.3] Gy (D) is bipartite. We can in fact show a concrete
bipartite partition of Gpr (D) as follows

V(Gpe(D)) = Ao | A1,

where
Ao = {h € Fy[x]/P* such that P | I},
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and
A1 = {h € Fy[x]/P" such that P { h}.

0

We now discuss the decomposition of Gpi(D) into the wreath product (also known as
the lexicographic product) of simpler graphs. First, we recall the definition of the wreath
product and homogeneous sets.

Definition 3.3. Let I', A be two graphs. The wreath product of I and A is the graph I' x A
equipped with the following data

(1) The vertex set of I x A is the Cartesian product V(T') x V(A),
(2) (x,y) and (x/,y) are adjacent in I x A if either (x,x’) € E(T') or x = x" and (y,y') €
E(A).

Definition 3.4. Let G be a graph. A homogeneous setin G is a set X of vertices of G such that
every vertex in V(G) \ X is adjacent to either all or none of the vertices in X. A homogenous
set X is said to be non-trivial if 2 < X < |V(G)].

As shown in [4, Section 3], the existence of a homogenous set in a Cayley graph is almost
equivalent to the existence of a decomposition of G into a wreath product. In [8, Section 5],
we describe the necessary and sufficient conditions for the existence of homogeneous sets in
the ged-graphs G¢(D) over F,[x]. When f = P, the situation is relatively simple. In fact, by
[8, Theorem 5.5], we have the following.

Theorem 3.5. Let I = (P*~1) be the ideal of IF4[x|/ P* generated by P*~1. Then I is an homogeneous
set in Gp (D). Furthermore

Gpit(D1) *Kpp if P € D,
ka—l (Dl) * E|p‘ lfpk_l g D.

(D) > {

Here Dy = {P%,..., P&}, x is the wreath product, K, (respectively E,,) the complete graph
(respectively the co-complete graph) on m nodes.

We discuss various consequences of Theorem First, it is known that the wreath prod-
uct Gy * Gy is perfect if and only if both Gy, G, are perfect (see [7]). Since complete and
co-complete graphs are perfect, by mathematical induction, we conclude from Theorem
that.

Corollary 3.6. Gpi(D) is a perfect graph.

Next, we discuss the clique number of Gpi (D). Because the clique number w(G) of a graph
G behaves well with respect to wreath products: w(G; * G2) = w(G1)w(G;), we have the

following conclusion.

Corollary 3.7. The clique and chromatic numbers of Gpi(D) are |P|IPl = |P|°.
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Proof. By Theorem 3.5, we know that

Go1(D1) % Kip if PF-1 € D,
Gpu(D) = § CP1 (P *Kip
Gpi1(D1) xEjp| if P*1 ¢ D.

Here D; = {Pk,..., Pk-1}. Since the clique number behaves well with respect to the wreath
product, we have

w(ka(D)> N CU(GPk—l (Dl)) if pk-1 ¢ D.

By induction, we conclude that w(Gp(D)) = |P|°. Since Gpi(D) is perfect, its chromatic

{Pw(cpkl(Dl)) if A1 e D,

number is also equal to |P|°. O

Finally, the wreath product also behaves well with respect to taking complement: (G *
G2)¢ = (G1)° x (Gy)*. Therefore, by an identical argument, we also have.

Corollary 3.8. The indepedent number of Gpr(D) is |P|<~IP| = |PJk—s.

3.2. Spectral properties of Gpi(D). We now focus on the spectral properties of Gpi(D).
While several of the results in this section are similar to those in [10, 11], many are new,
thanks to insights inspired by the experimental data that we generate for this project. We
first have the following observation about Ramanujan sums.

Lemma 3.9. Suppose that P € IF;[x] be a monic irreducible polynomial. Let m, k be two non-negative
integers. Then

p(P*) ifm >k,
c(P",P*) =< —|P|" ifk—m =1,
0 ifk—m > 2.
Proof. This follows directly from Eq. (2.1). 0

Let us introduce the following notation which is inspired by a counterpart over Z (see [11,
Theorem 1.1]).

Definition 3.10. We define the following function

k 1 ifkj=k—t—1forsomel <i<s,
X(P%,D,t) =
0 else.
With this notation, we can now calculate the spectrum of Gpr (D) explicitly. The following

statement is a direct analog of [11, Theorem 1.1] in the function fields setting.

Theorem 3.11. Let g € Fy[x]/PXand P* = gcd(P*, ). Let Ag (P, D) be the eigenvector of Gpi(D)
as described in Eq. [2.2). Then we have the following.

A(P,D) = Ap (P, D) = —x(P*,D,)|P + T g(P*)
ki>k—t
= —x(P5,D,t)|P|' + (|P| 1) Y |p[FhL,

ki>k—t
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Proof. By Eq. 2.2), we know that c(g, f) = c(ged(f,g), f) for all f and g. In particular, we
have A¢(P¥, D) = Api(P¥, D). We then have

S
Api(PK, D) = Y ¢(P!, PKH9).
i=1

By Lemma3.9|and the definition of x(P¥, D, t) we conclude that
Ap(P5,D) = —x(P,D,0)[PI'+ ) @(P*5) = —x(P,D,t)|P|'+ (IP| -1) ) [P[*5L
ki>k—t ki ket

O

We now use Theorem to describe various arithmetic and algebraic properties of the
spectrum of Gpr (D).

3.2.1. Congruence of eigenvalues of Gpi(D). In this section, by utilizing Theorem we
investigate some congruence properties of eigenvalues of Gpi (D). We then give an explicit
criterion for a number m to be an eigenvalue of Gpr (D) for some choice of D. In particular,
we show that every integer m can be realized as an eigenvector of Gpi(D) for appropriate
choices of P and D. We start this section with an observation which is suggested by our

numerical data.

Proposition 3.12. Let A € Z be an eigenvalue of Gpi (D). Then

A

0 (mod |P|—1) ifA>0
—1 (mod |P|—1) ifA<O.

Proof. Suppose that A = Ag(Pk, D) for some D where we keep the same notation as in Theo-
rem 311} We have

A(P,D) = An (P, D) = —x(P, D, OIP + ¥ p(P),
ki>k—t
We have

K ! ; Plt—1
0< T o) < Yo = (P -1\ =] = Pl -1
i=1

k>ki>k—t

Additionally, since x(P¥, D, t) € {0,1}, we conclude that A > 0 if and only x(P*,D,t) = 0.
Therefore

Bl A= Yokt @(P5) = (IP| = 1) Tyopy [P[FH if A > 0.
—|PI + Lok @(P) = —[P[" + (|P] = 1) T op ¢ [P[H1ifA <O

We then conclude that

A

0 (mod|P|—1) ifA>0
—1 (mod |P|—-1) ifA<O.

We have a direct corollary of Proposition 3.12}
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Corollary 3.13. Let A be an integer satisfying the congruence condition

A

0 (mod |P|—1) ifA>0
—1 (mod |P|—1) ifA<O.

Let Ao be a non-negative integer defined by the following rule

\ \p\% (mod |P| —1) ifA > 0.
0= .
AL (mod |P| —1) ifA <O.
Then m is an eigenvalue of Gpi (D) for some k and D if and only each digit in the base |P| represen-
tation of my is either O or 1.

Proof. Let us keep the same notation as in the proof of Theorem Then, we have

N (IP] = 1) T 5p—s [P K1 if A >0.
—[P|*+ (|P] = 1) g5 [PIFR1if A < 0.

Consequently, we have

Tigot [P 1> 0.
Ao = 1| i k—k : )
i—o [Pl = Yisk—t |[PI* —oifa <o

We can see that the statement follows directly from this formula. O

If |P| = 2 then we can see that the congruence condition mentioned in Proposition is
trivial. As a result, we have the following.

Proposition 3.14. For each integer m, there exists an integer k and a subset D C Div(P¥) with
P = x € [Fp[x] such that m is an eigenvalue of Gpr(D).

3.2.2. Some special eigenvalues of Gpi (D). We now discuss the existence of small eigenval-
ues. Specifically, for each A € {—1,0,1} we find the necessary and sufficient conditions for
A to be an eigenvalue of Gpi(D). Quite surprisingly, we will see that 0 and —1 cannot si-
multaneously an eigenvalue of Gpi (D) (see Corollary 3.17). We start our discussion with the
eigenvalue 0.

Proposition 3.15. The following statements are equivalent
(1) P*-1 ¢ D.
(2) 0is an eigenvalue of Gpr(D).
Consequently, there are exactly 28~ graphs in the family Gpi(D) that has 0 as an eigenvalue.

Proof. Let us first show that (1) implies (2). Let A = Apo(P¥, D). Since P*~! ¢ D we know
that x(P*, D,0) = 0. Consequently, by Theorem we conclude that A = 0.

Conversely, let us assume that A = Ap:(P¥, D) = 0 is an eigenvalue of Gpi(D). Suppose
to the contrary that P¥~! € D. By the proof of Propositionwe know that x(P¥,D,t) =0
and

Yy [Pkt =o.
ki>k—t
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Since P*-1 € D, this implies that ¢t = 0. However, this would implie that x(P*,D,0) = 1
which is a contradiction. We conclude that P¥~1 € D.

For the eigenvalue —1, we have the following proposition.

Proposition 3.16. The following statements are equivalent
(1) P! eD.
(2) —1is an eigenvalue of Gpr(D).
Consequently, there are exactly 2K~ graphs in the family Gpr (D) that has —1 as an eigenvalue.

Proof. Let us first show that (1) implies (2). Since P*"! € D, we conclude that x(P¥, D,0) =
1. By Theorem we conclude that Apo(P¥, D) = —1.

Conversely, suppose that A = Api(P¥, D) = —1isan eigenvalue of Gpi (D). Then x(P*, D, t) =
land —1 =A = —|P|' + (|P| — 1) Ty, > | P[5 ~1. This implies that

t—1
Y (Pli= Y [P
i=0 ki>k—t
We conclude that P¥~1 € D. O

By combining Proposition and Proposition we have the following rather surpris-
ing corollary.

Corollary 3.17. For each D, exactly one of the values A = 0 or A = —1 is an eigenvalue of Gpr(D).

Our numerical data suggests that 1 is an eigenvalue of Gpi(D) under some very special
conditions. We remark that by Proposition 3.1 we only need to consider the case Gpi(D) is
connected;ie, 1 € D.

Proposition 3.18. Suppose that 1 € D. Then 1 is an eigenvalue of Gpi(D) if and only if the
following conditions hold

(1) F; =TF,.
(2) deg(P) =1.
(3) P*"1 e D.
(4) P*-2 ¢ D.

Proof. First, let us assume that A = 1 is an eigenvalue of Gpi(D). Then the congruence
relation Proposition implies that |P| — 1 is a divisor of A. This happens only if 2 = |P| =
7%8(P), We conclude that g = 2 and deg(P) = 1. Furthemore, by Eq. , we can find ¢ such
that x(P¥, D, t) = 0 and
1= Y [pFh
ki>k—t
This happens only when t = 1 and P*"! € D. Since x(P*,D,1) = 0, we conclude that

P*=2 ¢ D. For the other direction, we can see that if all of the above conditions are satisfied

then Api (P5, D) = 1. O
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3.2.3. Some estimations on the eigenvalues of Gpi(D). In this section, we discuss some
rather simple estimations on the eigenvalues of Gpi (D). This section provides a direct analog
of [11}, Section 3]. Keeping the notation as in Theorem [3.1T} we have the following (compare
with [11} Corollary 2.1]).

Proposition 3.19. Let 0 < u < v < k. Then
Ap(P5,D)| < [Aps (P, D).
Furthermore, Api(PX, D) is the degree of Gp (D) which is also its largest eigenvalues.

Proof. This statement follows directly from Eq. (3.1) and the fact that for each t > 1

=1
PI" > (I[P =1) }_|PI".
i=0
g

Remark 3.20. The proof for [11, Corollary 2.1] is somewhat more complicated because the
authors allow loops in Gp«(D); i.e, they consider the possibility that P¥ € D.

We now discuss some corollaries of Proposition The first corollary concerns the
largest eigenvalues in G¢(D).

Corollary 3.21. Let Dy, Dy be two subsets of Div(P¥) such that Gpr(D1) and Gpr(Dy) has the same
largest eigenvalue. Then D1 = Ds.

Proof. Let Dy = {ky,ka, ..., ks} and Dy = {hy, hy, ..., h}. Suppose that Gpr(D1) and Gpr (D)
have the same largest eigenvalue. Then Y5, |P|¥=% = y!_| |P|*"". Let u be the last index
such that k,, # h,,. Then we
S t

Z ’p|kfk,v — Z |P‘kfh,v.

i=u i=u
If u =soru =t then we must have s = t and D; = D,. Otherwise, suppose that u <
min(s, t). Without loss of generality, we can also assume that k — k,, > k — h,,. We have then

s k—k, ) t
Z ‘P‘kfk,- > ‘P‘kfku > |P|kfhu+l > Z ‘P‘l > Z ’P’kfhi.

i=u i=0 i=u

We conclude that D1 = D». O

Remark 3.22. Similar to the case of gcd-graphs over Z (see [11} Section1] for an example in
this case), Corollary is false if f is not a prime power. For example, let f = x?(x + 1) €
Fs[x], D1 = {1} and D = {x,x +1,x(x +1) }. Then the characteristic polynomials of G¢(D)
and G¢(D,) are respectively

(x —12)(x — 3)*(x 4+ 6)*x18,
and
(x —12)(x — 6)%(x — 3)%(x +3)10x!2,
We see that G¢(D;) and G¢(D) have the same largest eigenvalue but they are not isomor-

phic.
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We discuss another corollary of Proposition which we find by investigating our nu-
merical data.

Corollary 3.23. Suppose that D # @. Then Gpr(D) has at least two distinct eigenvalues. Further-
more, Gpr (D) has exactly two eigenvalues if and only if

(kl,kz,...,ks) = (kl,kl +1,...,k— 1)
In this case, G¢(D) is the disjont union of | P|*1 copies of K., where m = |P|*—%1-

Proof. We know that the largest eigenvalues of Gpi (D) is its degree which is

Ape(P5,D) = (IP| =1) L [P[<571 > 0.
1

Furthermore, since the sum of all eigenvalues of Gpi(D) is 0, there must be an eigenvalue
that is negative. Therefore, Gpi(D) must have at least two distinct eigenvalues. Note that,
this part holds true for all undirected simple graphs.

Suppose that Gpi(D) has exactly two eigenvalues. We need to show that k;j 1 —k; = 1
for 1 < i < s — 1. Suppose that is not the case. Then, we can find 1 < i < s —1 such
that k; .y — k; > 1. We then see that x(P*, D,k — k;;1) = 0 since there is no j such that
ki =k— (k—kiy1) =1 =kiy1 — 1. We then see that

Apeiy (P, D) = (|P|—=1) Y |P[*h L
j=i+1
Since A i+, (P¥, D) > 0and Gpi (D) has exactly two eigenvalues A, «,,, (P, D) = Api (P, D).
Therefore ¥; | P[Fki—1 = Yivitl |P|*~%=1, which is impossible. We conclude that k;,; — k; =
l1foralll <i<s-—1.
U

We now conclude this section with a main theorem which says that D is determined by
the spectrum of Gpr (D).

Theorem 3.24. Let Dy, D, be two subsets of Div(P¥). Then the following statements are equivalent
(1) Dy = Ds.
(2) Gpi(D1) and Gpe(Dy) are isomorphic.
(3) Gpr(D1) and Gpr(D5) are isospectral.

Proof. By definition (1) = (2) == (3). Let us show that (3) = (1). In fact, suppose
that Gpi (D) and Gpi(D;) are isospectral. Then, in particular, they share the same largest
eigenvalue. By Corollary we must have Dy = D». O

4. ISOMORPHIC GCD-GRAPHS

4.1. Isomorphic unitary Cayley graphs in the family F,[x]/f. Let R be a finite commuta-
tive ring. The unitary Cayley Gr graph on R is defined as the graph whose vertex set is R
and two vertices a4, are adjacent if 2 — b € R*. Let Rad(R) be the Jacobson radical of R and
R* = R/Rad(R) be the semi-simplification of R. In [4] Section 4], it is shown that Rad(R)

is a homogeneous set in R. Furthermore, Gg is isomorphic to the wreath product Ggss * E;,
13



where m = |Rad(R)|. In [5, Theorem 5.3], Kiani and Aghaei show for two commutative rings
Ry, Ry, if G, = Gg, then R$®* = R3°. Combining these two facts, we have the following.

Proposition 4.1. Suppose that Ry, Ry are two commutative rings. Then the following conditions are
equivalent

(1) Ggr, = Gg,

(2) |R1| = |Ry| and Ry = R.

We will use Proposition .Tto classify isomorphism classes of unitary graphs in the family
IF;[x]/ f where f is a monic polynomial of fixed degree n. Let rad(f) be the radical of f; i.e.
the product of all distinct prime factors of f. Then the Jacobson radical of IF,[x]/ f is precisely
the ideal generated by rad(f). Consequently

(Fg[x]/ f)** = Fyx]/rad ().
By Proposition the isomorphism class of G¢({1}) depends on rad(f) only. We remark,

however, that two polynomials with different radicals can still give rise to isomorphic uni-
tary graphs. For example, take the following examples f; = x2, f, = (x+1)2. Thenrad(f;) =
x,rad(f2) = x + 1 but
Fy[x]/rad(f1) = Fy(x]/rad(f2) = F,.

Consequently Gy, ({1}) = Gy, ({1}) even though fi, f have different radicals. In general,
Galois theory for IF; implies that if g1 and g, are two irreducible polynomials of the same de-
gree, then IF;[x]/g1 = F,[x]/g>. Motivated by this observation, we introduce the following
definition.

Definition 4.2. Let f € FF,[x] be a monic polynomial of degree n. We define the factorization
type of f as the n-tuple (a1,4a,...,a,) where a; is the number of distinct irreducible factors
of f of degree i.

Example 4.3. Let f = x?(x +1)(x? + 1) € F3[x]. Then, the degree of f is 5 and the factoriza-
tion type of fis (2,1,0,0,0).

By Proposition 4.1 and the previous discussion, we have the following.

Proposition 4.4. Let fi, fo € Fy[x| be two monic polynomial. The unitary graphs Gg, ({1} and
Gy, ({1}) are isomorphic if and only if deg(f1) = deg(f2) and f1, fo have the same facotorizatin

type.

We will now use Proposition[4.4to study the number of non-isomorphic classes of unitary
graphs of the form G¢({1}) where f € IF;[x] and deg(f) = n. Tableshows this number for
various values of n and . As we can observe from this dataset, once we fix 1, the number
of isomorphism classes seems to stabilize when g gets bigger. In fact, we have the following
proposition.

Proposition 4.5. Let n be a fixed number. Then, there exist two constants q,,C, depending only
on n such that if ¢ > gy, then the number of non-isomorphic classes of unitary graphs of the form

Gr({1}) where f € Fy[x] and deg(f) = n is exactly Cy,.
14



) T 2134|577 /8]911
1 |11 |11 ]1][1]1]1
2 [3/3/3/33/3|3]|3
3 |4|5|5|5|5|5]|5]5
4 | 79l10/10][10[10/10] 10
5 | 9 (1213|1414 |14 |14 | 14
6 |15|22|24|25|26|26 26|26

TABLE 1. The number of isomorphism classes of unitary graphs in the family
IF,[x]/ f where deg(f) = n for various values of n and g

In order to provide a proof for Proposition we recall that for fixed m, q, the number
S(m,q) of irreducible polynomials of degree m over FF,[x] is given by the following Gauss’s
formula (see [3] for a proof of this formula using the inclusion-exclusion principle)

@.1) % Y u(m/d)g.
d|m

By Eq. (4.1), we see that for fixed 1, S(m, q) is asymptotically equivalent to 4™ for all m < n.In
particular, S(q,m) > n for all 4 sufficiently large. We can now give a proof for Proposition4.5|

Proof. Let f € IFy[x] be a monic polynomial of degree n and (a1, az, ..., a,) be a factorization
type. Then we have

n
ma, < n.
m=1
In particular, this shows that a,, < nforall1 < m < n. We can find a number g, such that for
q > gn wehaven < S(m,q). Consequently, a,, < S(m, q) as well. As long as this condition is
satisfied, the number of ways to “pick” a,, distinct polynomials from the set of all irreducible

polynomials over IF,[x] of degree m is independent of g. O

Remark 4.6. Table|l|suggests that we can in fact take g, = n. Furthermore, if we fix 11, then
the number of isomorphism classes appears to increase when g increases. While both of
these observations turn out to be correct, the proof is lengthy and somewhat tangential to
the main focus of this paper. We plan to address these properties in a forthcoming work in
connection with necklace polynomials [14].

4.2. Isomorphic gcd-graphs. In the previous section, we discuss the necessary and suffi-
cient conditions for two unitary Cayley graphs to be isomorphic. In this section, we extend
this further to the case of gcd-graphs. The case f is a prime power is studied exclusively in
Section |3|so we will focus on the case f has at least two distinct factors in this section. Since
many of our insights arise from analyzing experimental data, we will begin this section with

a concrete numerical example.

Example 4.7. Let f = x(x+ 1) € F3[x]. Table [2| describe the isomorphism classes in the

family of G¢(D) where D runs over the collection of subsets of Div(f). We remark that we
15



group these graphs by their characteristic polynomials; i.e. by isospectral classes, but we
have checked that elements in the same class are isomorphic as well. This is consistent with
a conjecture of So for ged-graphs over Z saying that two gcd graphs G¢(D;) and G¢(D,) are
isomorphic if and only if they are isospectral (see [13]).

D Characteristic polynomial of G¢(D)
i 0
1], [x,x +1] (x —4)(x —1)*(x+2)*
[x], [x +1] (x —2)3(x+1)°
[1,x],[1,x+1] (x —6)(x +3)%x®
[1,x,x+1] (x —8)(x+1)8

TABLE 2. Isomorphism classes in the family G¢(D)

Looking closely at the data, we have the following observation. While the isomorphism
between G¢(x) and G¢(x + 1) as well as the isomorphism between G¢(1,x) and G¢(1,x +
1) are evident, the isomorphism between G¢(1) and Gy¢(x,x + 1) is less so. In fact, this
isomorphism appears like a coincidence. In fact, let us consider f = x(x + 1) € F,[x]. Then
the degree G(1) is (9 — 1)? and the degree of G(x, x +1) = 2(q — 1). These two degrees are
equal only in the case g = 3.

We discuss a more complicated example.

Example 4.8. Let f = x?(x + 1) € F3[x]. As expected, there are more isomorphism classes in
this family. We remark, however, that similar to the previous example some isomorphisms
depend on the fact that ¢ = 3. More precisely, if we let f = x?(x + 1) € Fs[x], then we no
longer have an isomorphism between G¢([1, x, x +1]) and G¢([1,x 4+ 1, x% x(x +1)]). On the
other hand, some isomorphisms persist when we change 4. For example, using the Python
library Networkx we find the following two phenomena.
(1) For every g < 5and f = x*(x +1) € Fy[x], G¢([1,x,x%]) and G¢([1,x + 1]) are
isomorphic.
(2) Forevery g < 5and f = x*(x +1) € Fy[x], G¢([1,x +1,x?]) and G([1,x + 1, x(x +
1)]) are also isomorphic.

We try other various examples and find the following statement which explains the first
phenomena described in Example

Proposition 4.9. Let f = f1f such that gcd(f1, f) = 1. Assume further rad(f1) and rad(f>)
have the same factorization type. Let

Dy =Div(fi) U{fi},
and
D, = Div(f2) U{f2}.

Then G¢(D1) and G¢(Da) are isomorphic. In fact, they are both isomorphic to the wreath product

GIFq[x]/rad(fl) ({1}) * Epy where m = |ral,1@(1)| .

16



D Characteristic polynomial of G¢(D)
0 27

1], [x, x+1,x?%] (x —12)(x — 3)*(x + 6)*x!8

[x], [x%, x(x+1)] (x —4)3(x —1)2(x +2)12

[1, %]

(x —16)(x +8)%(x +2)8(x — 1)'°

[x+1], [x,2?], [x, x(x +1)]

(x — 6)3(x +3)0x!8

[1,x+1], [1,x,x%]

(x —18)(x +9)%x*

[x, x + 1]

(x —10)(x = 4)*(x + 5)*(x +2)°(x — )™

[1,x,x4+1], [L,x+1,x% x(x+1)]

(x —22)(x +5)%(x — 1)1?(x +2)12

[¥*], [x(x + 1)]

(x—2)°(x+1)"*

1, x2] (x —14)(x +4)%(x + 7)%(x = 2)10(x + 1)12
[x+1,x%] (x —8)(x —5)2(x +4)*(x —2)0(x + 1)1
[1,x+1,x%, [, x+1,x(x+1)],[1xx%x(x+1)] (x —20)(x +7)%(x —2)%(x+1)18

[1,2,x+1,x%],[L,x,x +1,x(x +1)]

(x — 24) (x +3)8x18

[1,x(x+1)], [x,x+1,2% x(x +1)]

(x —14)(x = 5)*(x +4)*(x +1)18
(

[1,x,x(x+1)] (x —18) x—|—6) (x —3)*(x +3)0x1
[x+1,x(x+1)], [x,x% x(x+1)] (x —8)3(x+1)*
[x,x+1,x(x+1)] (x —12)(x — 6)?(x — 3)2(x + 3)10x12
[1,x%,x(x+1)] (x —16)(x +5)%(x —4)*(x — 1)%(x +2)1
[x+1,x% x(x+1)] (x —10)(x — 7)%(x — 1)8(x +-2)®
[1,x,x+ 1,22, x(x+1)] (x —26)(x +1)%¢

TABLE 3. Isomorphism classes in the family G¢(D) for f = x*(x 4+ 1) € Fs[x]

Proof. By the Chinese remainder theorem

R =T,[x]/(fif2) =

IF‘q [X] /f1 X IFZ [X] /f2

Under this isomorphism and by the definition of D1, we can see that

(x1,91), (x2,y2) € Fylx]/ f1 x Fy[x]/ f2,

are adjacent in G¢(D1) if and only y;

—y2 € (Fy[x]/ f2)”
phic to the wreath product Gy, ({1}) * E,;, where m; =

. We then see that G¢(D;) is isomor-
|f1]. We remark that we can also get

this isomorphism by observing that foR is a homogeneous set in G(D;) and the required

isomorphism follows from [8, Theorem 5.5].

By the result from the previous section, we further have

Grad(fz) ({1}) * Emy,

= Grad(f,) ({1}) * Em,

Ul An identical argument and the fact that rad(f;), rad(f) have the same

factorization type show that G¢(Dy) is isomorphic to Gyaqf,) ({1}) * Ex as well. We conclude

0

Gp,({1}) =
where my = |f2|/|rad(f2)|. Since the wreath product is associative, we have
Gs(D1)
where m = Trad(A)]
that G¢(D1) = G¢(Da).
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Remark 4.10. We thank Professor Ki-Bong Nam for some discussion which leads to the
statement for Proposition[f.9] Specifically, Professor Nam suggested us to study generalized
Euler numbers which we now recall. Let A be a PID, n € A and m is a divisor of n. The
generalized Euler number ¢,, (1) is the number of elements in the following set

Uy(n) ={ae A/n|ged(a,m) =1}.
When m = n, |Uy,(n)| is precisely the Euler totient function of n. In the setting of Proposi-
t10n. 4.9, Sp, = Uy, (f1f2) where Sp, is the generating set of the gcd-graph G¢(Dy).
We have a simple corollary which is a by-product of the proof for Proposition 4.9

Corollary 4.11. Let f be a polynomial. Suppose that f has distinct irreducible factors f1, f2 of the
same degree. Let a1, a, be two positive integers such that fi' || f and f5? || f. Let

Dy = Div(fi") U{f"},
and

D, = Div(f§) U {f57}.
Then G¢(D1) = G¢(D2).

Proof. Fori € {1,2},leth; = f/f". By the same proof as Propositionapplied to f = f'h;
we know that

G (Di) = Grad(n) ({1} * Ejf/rad(n)-

By definition, we know that rad(k;) and rad(hz) have the same factorization type. Since
these polynomials are monic, we conclude that f /rad(h;) = f/rad(f2). Therefore, G¢(D1) =
G¢(D2). a

For the second phenomenon described in Example we found the following.

Proposition 4.12. Let fi, f, be two irreducible polynomials of the same degree. Let n > 2 be a
positive integer, f = f{' fo,
Dy =A{Lfo fi, . fi},

and

Dy = {1, f2, fif2}-
Then G¢(D1) and G¢(D) are isomorphic.

Proof. By [8, Theorem 5.5], the ideal I, generated by f; is a homogeneous set in Gf(D1) a
well as G¢(Dy). Furthermore

Gf(Dl) %’ Gfl (1) % Gfln—lf'Z({f],flz, ey {lil})
Similarly, we also have
Gf(D2) = G (1) * G p, ({ f2})-

Therefore, to complete the proof, we only need to show that

Gflmfz({fl,ff/---rfln_l}) = foflfz({fZ})-
18



We observe that G -1, ({fi, f% ..., fi"'}) isisomorphic to | f; | disjoint copies of G n-2p, L f,. 0 f172)
and G 1, ({f2}) is isomorphic to | f| disjoint copies of G -1 ({1}). By Theorem and the
proof of Proposition .9 we have

Gflnfzfz({l,fl,...,flnfz}) = K\fﬂ * E|f1|n72 = Gflnq({l}).

Summarizing all these isomorphisms, we conclude that G¢(D;) and G¢(D) are isomorphic.
O

Remark 4.13. A by-product of the above proof is that if f; and f, are two irreducible poly-
nomials of the same degree then for each m > 1

Gflmf2<{1’f1" . ,flm}) = K|f1| * E‘f1|m = Gflm+l<{1})

This isomorphism provides a simple construction of two isomorphic gcd-graphs with differ-
ent moduli.

Remark 4.14. A conjecture of So [13, Conjecture 7.3] says that if n is an integer and D1, D;
are two distinct subsets of Div(n) then the two ged-graphs over Z, G,(D;) are G,(D;) are
not isomorphic.

As we have shown, this conjecture is wrong if we consider gcd-graph over F;[x]. We
remark, however, that, our constructions of isomorphic ged-graphs of the form G¢(D) where
f is fixed are based on a crucial fact that f has two irreducible factors of the same order. This
could happen over IF,[x] but not over Z. As a result, we wonder whether So’s conjecture
still holds for the family G¢(D) under the additional assumption that irreducible factors of
f have different order.
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