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ABSTRACT. For each positive integer 1, we define the divisor graph D, whose vertex set is
the set of divisors of 1, and two vertices are adjacent if one is a divisor of the other. This type
of graph is a special case of graphs associated with a partial order, which have been widely
studied in the literature. In this work, we determine various graph-theoretic invariants of
divisor graphs, such as their clique and independence numbers, and their planarity. We also
discuss various spectral properties that are discovered by our numerical experiments. Our

argument is number-theoretic in nature, making it accessible to a wide range of readers.

1. INTRODUCTION

The divisor graph G, on n nodes is the graph whose vertices are {1,2,...,n} and edges
are (a,b) where either a | b or b | a. Due to its arithmetical nature, these graphs have been
widely studied in the literature. For example, there exists an extensive line of work inves-
tigating the longest simple path on G, (see [5, 18,11, [12]). Additionally, the determination
of the independent and clique numbers of G, has also attracted significant interest (see, for
example, [1} 2 [7]).

While studying the gcd-graphs in [9], we naturally rediscovered G,. Specifically, in our
attempts to understand certain induced structures on the gcd-graphs and to prove several
statements about their properties, we realized the importance of understanding the connec-
tion scheme between the given divisor subset. Therefore, quite naturally, for our purposes,
we restrict ourselves to the induced subgraph D,, of G, on the set of divisors of n. We note
that the definition of D,, is also introduced in [13] Definition 19]. To start our discussion, let
us provide the following formal definition of D,,.

Definition 1.1. The divisor graph D, is the graph with the following data

(1) The vertice set of D,, is the set of all divisors of n.
(2) Two vertices a, b are adjacentifa | borb | a.

The graph D, is a special case of compatibility graphs; i.e. graphs which are associated
with an order (we will explain this interpretation in more detail in Section . Therefore,
D,, is somewhat more structured than G,. For example, a classical theorem of Dilworth
shows that compatibility graphs are perfect (see [4,6]). In particular, D, is a perfect graph.
Furthermore, we can explicitly calculate some of its variants, such as the clique number
(and hence the chromatic number since D, is perfect), the independence number, and their
planarity. More surprisingly, we found that the spectrum of D, has several interesting and
mysterious properties. Although some of them can be explained by number-theoretic or

set-theoretic arguments, others are somewhat more mysterious.
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1.1. Outline. In Section 2, we discuss various graph-theoretic properties of D,,. Most ar-
guments in this section are quite elementary, which makes it accessible to a wide range of
readers. Our main discoveries are in Section 3{where we discuss some variational properties
of the spectrum of D,, when n varies. In particular, we find that the case where n has at most
two prime factors has some quite surprising patterns.

2. GRAPH THEORETIC PROPERTIES OF D,

2.1. Isomorphism classes and equivalent interpretations. For each natural number n, we
can factor n into a product of prime factors

a1 ,a2

n=pyp; ---Pzd'

If we require further that 1 < a; <a; < ... < gy then this factorization is unique.
Definition 2.1. We call (a1, 4y, . ..,a4) the factorization type of n. We will write

F(n) = (ay,az,...,a4).
We also define the degree deg(n) of n to be deg(n) = ¥4, a;.

We now describe an equivalent definition of D,,. Let S be the following set
S = {(061,062,...,06,1) | 0 Stxi S a; V1 S 1 S d}

Definition 2.2. Leta = (a1, a2,...,a4) and B = (B1,B, - -, Ba) be two vectors in RY. We say
thata < Bifandonlyifa; < B;foralll <i <d.

We can see that S together with this order is a partially ordered set. Let Div(n) be the
set of divisors of 1. For each d € Div(n), d has a unique factorization of the form [T¢_, pi
where 0 < &; < a;. As a result, we have a canonical a map ® : Div(n) — S defined by
®(d) = (aq,...,a4). By the fundamental theorem of arithmetic, ® is a bijection. Further-
more, dq|d; if and only if ®(d;) < P(dz). We conclude that D, is ismorphic to the compati-
bility graph associated with (S, <). In particular, the isomorphism class of D,, only depends
on the factorization type of n. While this interpretation of D, may seem almost tautological,
it proves useful—especially when constructing the graph using the Python library networkx,
as it allows us to avoid explicit factorization of large numbers.

2.2. Degrees and edges in D,,.

d
Proposition 2.3. If the factorization type of nis (a1, - - - ,a4) then the graph Dy, has v := [] (a; +1)
i=1

vertices and e = v (% — 1) edges.

Proof. The vertex count is just the standard result on the number of divisors of an integer.

To count edges, we orient the edges by considering an edge joining vertices b, c to originate

at b and terminate at c if b|c. Then, if fori = 1,---,d we have 0 < x; < g;, the number of
d d

edges originating at b = [] p;" is [T (a; +1 — x;) — 1. (We subtract 1 as we do not include a
i=1 i=1
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loop at b.) So the total number of edges is given by

ay ag d
Zou- Z (H(ai—i—l—xi)—l)

Xd:() i=1
Reindexing by setting w; = a; + 1 — x;, we can rewrite this as

am+1 az+1 d a1+1 a;+1 d
£ (Tw-1) = £ Ea-
1

wi1=1 wy=1 \i= w1=1 wy=1i=1

am+1 a;+1
= (L) (S )
W1:1 wd:1

(a1+1)(a1 —|—2) (ad+1)(ad+2)

2 2

_ v((a1+2>-2-d-(ad+2)_l>

2.2.1. Vertices of Minimal Degree.

Definition 2.4. Let e; be the unit vector with 0 in position j, 1 < j (# i) < d and 1 in position
i. Vectors x = (x1,---,x;) and x £ e; for some i will be called close. A sequence xq,- -+, Xy

is a chain iff x; and x; 1 areclose, 1 <1 <n —1.

Definition 2.5. A vectorx = (x1,-- - ,x,) is called extremal in coordinate i if x; = O or x; = a;,
and is called extremal if it is extremal in all coordinate positions. The term nonextremal
applies otherwise in both situations.

Remark 2.6. The degree of a vertex x = (x1,- - -, x4) is easily seen to be given by
d

d
f(x) = H(ai +1—1x;) +H(xi +1) -2

i=1

For1 <i < dlet Ai(x) = f(x+e;) — f(x) = [1(x; +1) — [1(a; + 1 — x;), and note that

j#i J#
Ai(x) does not depend on the value of x;. It follows that if A;(x) <0,

x—xie, x— (x;—1)e;, -+ ,x+ (a; — x;)e;)

is a chain through x, joining the vectors (x1, -+ ,x;-1,0,x;41,- -+, x4) and
(x1,--+,xi—1,1,xi41,- - -, x4) extremal in coordinate i, with strictly decreasing degrees. Sim-
ilarly if A;(x) > 0, we get such a chain with strictly increasing degrees, and if A;(x) = 0, the
chain maintains constant degree.

Proposition 2.7. A vertex of minimal degree can always be found among the extremal vertices. In
fact, any vertex of minimal degree satisfies the "stability condition” A;(x) = 0 at every nonextremal
coordinate, and admits a chain from x to an extremal vertex of minimal degree where every member
of this chain has minimal degree.

Proof. Let x be any vertex with minimal degree. The argument in the above remark implies
that x, if not alreadly extremal, must satisfy A;(x) = 0 at every nonextremal coordinate (else

we can move to a close vertex of lower degree); choosing a nonextremal coordinate position
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i, x occurs in a chain with constant degree leading to a vertex differing only in coordinate i
where it is now extremal. Since all vertices in this chain are still of minimal degree, the sta-
bility condition is still intact. Repeat with any remaining nonextremal coordinate positions
until arriving at an extremal vertex. The construction ensures that the degree is not changed
in this process. U

Proposition 2.8. An extremal vertex x has minimal degree is and only if [ (a; +1) + [] (a; +1)
i€es JET

is as small as possible among extremal vertices, where S = {i | x; = a;} and T = {j | x; = 0}.

Proof. This follows simply from the formula for f(x), which for an extremal vertex x com-

putes to [T(a; +1) + [T (a;+1) —2. O
ics jeT

2.3. Connectedness and bipartite property. The graph D, is always connected since 1 and
n are adjacent to all other vertices. Furthermore, we have the following property.

Proposition 2.9. Let a, b be two vertices in D,,. Let d(a,b) be the distance between a and b. Then

1 if(ab) € E(D,)

2 otherwise.

d(a,b) =

Proof. 1If a and b are adjacent then d(a,b) = 1. Otherwise, we would have the patha — 1 — b
and hence d(a, b) = 2. O

Proposition 2.10. Let G be the induced graph on D,, \ {1,n}. Then, G is connected unless n = pq
where p, q are distinct prime numbers; i.e, the factorization type of nis (1,1).

Proof. If n = pg where p, g are distinct prime then we can see that the induced subgraph on
{p,q} is the empty graph and hence it is not connected. Conversely, suppose that the factor-
ization type of nisnot (1, 1). If n has exactly one prime divisor then the induced subgraph on
D, \ {1,n} is a complete graph and therefore it is connected connected. Let us now assume
that n has at most two prime factors. Since a vertex is adjacent to all its divisor, it is sufficient
to show that if p, g are distinct prime divisor of n then p, q are connected. This is clear since
we have the path p — pg — p. O

Proposition 2.11. D,, is bipartite if and only F(n) = (1); i.e, n is a prime number.

Proof. If n is not a prime number then there exists 1 < d < n such that d | n. In this case
{1,d,n} forms a triangle in D,,. As a result, D,, cannot be bipartite. ]

2.4. Clique and independent numbers of D,,.

Proposition 2.12. Suppose that F(n) = (ay,az,...,a,). Let X be a maximal clique in D,,. Then

d
1X| =1+ ) a; =1+ deg(n).
i=1
Proof. We will prove by induction on d that there is a clique of size 1 + deg(n). Ford = 1,
n= p‘fl is a prime power and hence D, is the complete graph on a4; + 1 nodes. In this case,

X = V(D,) is a clique of size 1 + deg(n). Let us assume that the statement is true for d. Let us
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show that it is true for d + 1 as well. Let us write n = H;”f pf’ Let X = {hy,hy, ..., I, oyt ad}

be a clique of size 1+ Y4_; a; in Dl—[a’ . We can then check that X' = {1, py:1,. .., pgi_ll} U

I vt

Conversely, we show that a clique in D, has at most 1 + deg(n) elements, In fact, let
X = {hy,hy,...,hy} where hy < hy < ... < hy. We claim that |X| < 1+ deg(n). Since X
is a clique and h; < hjyq, hi|hiq for each 0 < i < g — 1. This shows that 0 < deg(h;) <

deg(h) ... < deg(hy) < deg(n). Consequently, we conclude that |X| = g < 14 deg(n). O

py 1 X is a clique of size 1+ Zd 1 4;in D

For the independence number of D,, we have the following result.

Proposition 2.13. (See [3] Theorem 1]) Let S be a subset of D,, consisting of vertices of the same

deg

degree | =5~ J Then S is a maximal independence set in D,,. In particular, the independence number

of D, is preczsely S].

2.4.1. Perfectness and coloring of D,,. Since D,, is perfect, the chromatic number of D, is equal
to its clique number; i.e, x(D,) = 1+ deg(n). In fact, we can provide an explicit color-
ing on D, with 1+ deg(n) colors. Specifically, we can define a coloring map ¢ : D, —
{0,1,...,deg(n)} by the rule c¢(m) = deg(m). Clearly, two numbers with the same degree
cannot be adjacent, c is a coloring map.

2.5. Planarity of D,. In this section, we classify all D,, which are planar. By exploring D,
with some small values of 11, we can see that F(n) = (ay,az,...,a;) withd <2and Y7 a; <
3 then Dy, is planar. See Fig.[1| for a planar embedding when F(n) = (1,2) and Fig. 2] for a
planar embedding when F(n) = (3).

15 27

L

) C)

\1/ \3 | 3
FIGURE 1. A planar FIGURE 2. A planar
embedding of Dys embedding of D»;.

The following theorem completely classify n such that D,, is planar.

Proposition 2.14. The graph D,, is planar if and only if one of the following holds:

(1) n=1p", pprime,0 <r <3
(2) n=pq, p,q prime
(3) n = pq, p,q prime



Proof. We make use of the fact that a graph cannot be planar if it contains a subgraph isomor-
phic to K33 or to a subdivision of Ks. Since if D,, is planar and m|n, D,, (a subgraph, induced
or not) is also planar, and if D, is not planar and n|m, D,, is also not planar, it suffices to
check the following cases (where p, g, r are distinct primes)

(1) D, is planar (see Fig.[2) and D4 is not. This is true since D, is the complete graph
K,4+1 which is planar iff r +1 < 4.

(2) Dyp4and D, are planar (see Fig. .

3) D,2p is not planar. For it contains a subgraph which is a subdivision of Ks.

p*q p

pq

p=q

(4) D,s,is not planar. It contains the following subgraph which isomorphic to Ks 3.
P2 p g subgrap p ,

=
S

)
-

AN
S
RS

(5) Dy is not planar.



par p

pq q rq r
It fails the known necessary planarity condition e < 3v — 6. Alternatively, we note
that it contains a subgraph which is a subdivision of Ks.

0

Remark 2.15. By some elementary calculations, we can in fact see that D, is planar if and
only if it satisfies condition e < 3v — 6.

3. SPECTRUM OF D,

In this section, we study the spectrum of D,,.

3.1. Variation of the spectra of D,. For each n, let f, be the characteristics polynomial of
D,,.

Proposition 3.1. Let n be a natural number. Let p,q be prime numbers such that ged(n, pq) = 1.
Then fy | fupq. Furthermore, if n is squarefree, then f2|fupq.

Proof. Suppose first that p, q are distinct primes and that ged(n,pg) = 1. Letl =a; < --- <
ay = n be the divisors of 1, and let B be the adjacency matrix of D,, with respect to this order.
Let the k x k matrix C be defined by C;; = 1if a; |aj and 0 otherwise. (Then B = C 4+ CT —2I;.)
Now list divisors of npg inthe orderay, - - - ,ax, pay, - - -, pax, qa1,- - - ,qax, pqas, - - - , pqax. With
respect to this order, the adjacency matrix for D, is

B C C C
T

m— | C B 0 C
ct 0 B C
ct ct c' B

Write I for the k x k identity matrix and 0 for an k x k matrix of 0’s. The characteristic

polynomial of M can be analyzed as follows, where for the third equality, we have subtracted
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the second row of blocks from the third:

B—AL C C C
cT  B-AL 0 C
= det(M — Al = det
Fopa ( w4 cT 00 B-AL C
cT cT cT  B-AL
[ B—ALL, C C C
CT  B-—AI 0 C
= det k k
0 Al, — B B — Al 0
cT cT cT  B-AL
(L o, 0 0 B-A, C C C
I T — AL
— det Ok k Ok Ok det C B—A k 0 C
Ok Ok B — )LIk Ok Ok —Ik Ik Ok
0 O 0y I cT ct  CcT B—-AL

= det(B — Aly) - (a polynomial in A) = f,, - (a polynomial in A).

This shows f, | fupg-
For the second assertion, suppose that we can write n = ngr, where r is a prime number,
and ged(r, ng) = 1. (This condition is satisfied, for example, when n > 1 is squarefree.)
Leta; =1 <ap < --- < ay be the divisors of ng. Let By be the adjacency matrix of D,,.
Let C be the matrix defined by

Cij =1 << g | a;.
List the divisors of norpq in the order:
El1,...,£l5, ray,...,rag, pai,...,pax, pray,...,prag,
(1) 2) 3) (4)
qai,...,qax, qrai,...,qra, pqai,...,pqag, pqrai,..., pqrag.

-~

(5) (6) (7) (8)

We note that
Cl']' =1 << g | aj or ra; ‘ ra;.

Then the adjacency matrix for Dy, is of the form:

B, C C C Cc Cc C C]|

ct B 0 C 0 C 0 C

ctT 0o Bp C 0 0 C C B A A A
M:CTCTCTBOOOOC:ATBOA

ctT 0 0 0 By C C C AT 0 B A|’

ct ¢c o o cf Bpb 0 C AT AT AT B

ct o c™ o c" o By C

ct ¢t ¢t cr ¢t cT cT By

where




We have

By — Al C C C C C C C
CcT By — Al 0 C 0 C 0 C
cT 0 By — Al C 0 0 C C
CcT cT CcT By — Al 0 0 0 C
IM—Aly| =| . 0
C 0 0 0 Bg — AI C C C
cT cT 0 0 cT By — Al 0 C
cT 0 cT 0 cT 0 By — AI C
cT cT cT cT cT cT cT By — Al
By — Al C C C C C C C
0 Bo—AI —By+ Al 0 0 C —C 0
cT 0 By — Al C 0 0 C C
_ . cTt cTt cT By — AI 0 0 0 C
0 0 —Bg+ Al —C Byo — AI C 0 0
0 0 —CT —By+AI CT  By—AI 0 0
0 cT —CT 0 0 Bo—AI —Bg+ Al 0
cT cT cT cT cT cT cT By — AI
Here, I = I} and we the following (block) row operations:
(2) : R2 <— R2 — R3
(5) : Rg5 <+ Rs—Rj3
(6) : Rg <+ Rg— Ry
(7) : Ry« R6 — Ry.
Thus
I 00O 0 0 00
01 0O 0 0 0 0
00 TO0 0 0 00
00 0 I 0 0 0 0
‘M — )\IN’ =4+ X
0 0 0 0 Byp—AI C 0 0
00 0O cT Bp—AI 0 O
0000 0 0 I 0
00 0O 0 0 0 I
By — Al C C C C C C C
0 Bop—AI —Bg+ Al 0 0 C —C 0
cT 0 By — Al C 0 0 C C
cT cT cT Bop—AI 0 0 0 C
0 0 —1I 0 I 0 0 0
0 0 0 —1I 0 I 0 0
0 cT —CT 0 0 Bop—AlI —Bg+ Al 0
cT cT cT cr ct (T cT By — AI




In the above product of determinants, the first determinant is f,,. For the second determinant,
which we denote temporarily as S, we move the block rows R2 and R7 to the top, we obtain

0 By—AI —Bg+ Al 0 0 C —C 0

0 cT —CT 0 0 By—AI —By+AI 0
By — Al C C C C C C C

cT 0 By — Al C 0 0 C C

S=+

cT cT cT Bo—AI 0 0 0 C

0 0 —I 0 I 0 0 0

0 0 0 —I 0 I 0 0

cT cT cT cr cr (T cT By — Al

Now in the above determinant, we move the block columns C2, Cg, C3 and Cy (in this order)
to the left, we imply that

By — AI C —By + Al —C 0 0 0 0
cT By — Al —CT —By+ Al 0 0 0 0
C C C C By —AI C C C
0 0 By — Al C cT C 0 C
S==+
cT 0 cT 0 CT By—AI 0 C
0 0 -1 0 0 0 I 0
0 I 0 0 0 -1 0 0
cT cT cT cT cT cT CT By—AI
By — AI C 000O0O0OO I 0 —-I 0 0 0 0
cT By—AI 0 0 0 00O 0 I 0 I 0 0 0
0 0 I 000O0O C C C C By—Al C C
_ 4 0 0 0I 0000 " 0 0 BoAl C cT C 0
0 0 0071000 |Ct 0 C o0 cT Bo—AI 0
0 0 000100 0o 0 —-I 0 0 0 I
0 0 000O0TIO 0 I 0 0 0 -1 0
0 0 00000 TI |CT ct ct c' (T cr cf
= +f, X (a polynomial in A).
Hence fyp, is divisible by f2. O

3.2. Special eigenvalues. Let A be a real number. Then A is an eigenvalue of D, if there is a

vector (04)4), such that

Z U = Avg.
(d,m)€E(Dy)
The case A = —2 is special because we can rewrite this as
(3.1) va + Z U = 0.
m|d d|lm|n
We will use this fact to construct an eigenvector associated with A = —2 under some condi-

tions on n.
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Let u be the Moebius function. This function has the property that for each positive integer
m

Z]/i(m): {1 ifm=1

d|m 0 else.

Proposition 3.2. Suppose that j(n) = —1. Let v = (0v4),), be the vector defined by

{o ifd € {1,n}
Uq =
u(d) else.

Then v is an eigenvector associated with the eigenvalue A = —2.

Proof. We verify that Eq. holds for all d|n.If d ¢ {1, n} then we have

Yoom+ Y, vm=Y pu(m)—pu(1) +p(d) Y u(m) —pu(n) = 0.

m|d dim|n m|d m|

If d = 1 then Eq. becomes

014 ) vm =) pu(d) —pu(1) — p(n) = 0.

m|n dln
Similarly, we can check that Eq. holds for d = n. O

Lemma 3.3. Let X be a clique set in a connected graph G. Suppose further that both X and G \ X
are homogeneous sets in G. Then —1 is an eigenvalue of G with multiplicity at least | X| — 1.

Proof. By definition, G is a joined union of the induced graph on X and G \ X. The conclusion
then follows from the proof of [10, Proposition 3.1]. More specifically, the adjacency matrix

of G is of the form
A= T}
] Agx

Letv = (vy,... ,v‘X|) be a vector such that 21@1 v; = 0. Then, w = (74, .. - 0x1,0, .. .,0)isan

eigenvector for Ag associated with the eigenvalue A = —1. O
Corollary 3.4. —1 is an eigenvalue of Dy, for every n > 2.

Proof. X = {1,n} sastifies the conditions of Lemma 3.3} O

3.3. The case where 1 has at most two prime factors.

Proposition 3.5. Let M, be an adjacency matrix for Dpg where p,q are distinct primes, a > 0.

11



Proof. We note that det(Ms) = 1, and explicitly that, with respect to the vertex ordering
1/‘7/' t /‘]5/}7/]9‘7/' o /pqS

011111111111
101111011111
110111001111
1110110007111
111101000011

M5_111110000001
100000011111
110000101111
111000110111
111100111011
111110111101
(111111111110,
and
(-2 1 2 1 -1 -2 -2 -1 1 2 1 =117
1 -2 -1 1 1 2 0 -1 -1 0 1
2 -1 -4 -1 2 3 3 2 -2 -3 -1 2
1 0 -1 -2 1 2 1 1 0 -2 -1 1
-1 1 2 1 -2 -1 -2 -1 1 2 0 -1
Mol |21 3 2 -1 -4 -3 -2 1 3 2 -2
> | -2 2 3 1 -2 -3 -4 -1 2 3 1 =2
-1 0 2 1 -1 -2 -1 -2 1 2 1 -1
1 -1 -2 0 1 1 2 1 =2 -1 0 1
-1 -3 -2 2 3 3 2 -1 -4 -1 2
1 0 -1 -1 0 2 1 1 0 -1 -2 1
-1 1 2 1 -1 -2 -2 -1 1 2 1 =2]

Order the vertices of M, as 1,4,---,9%, p,pq,- -+, pq*, and the vertices of M, as

La,.q%ppa -, pa, g g, pat gt

matrix of 1’s and 0, s for an r X s matrix of 0’s, we have

. Now if we write 1, foranr x s

A B

Ma+6 = C D

1 1
where A = M,;, B = [ a+l6  Tatle ,C =BT, and D = Ms. Since D is invertible,

02116 latie

det(M,¢) = det(D) det(A — BD'C).

But det(D) = 1, and using the explicit computation of D~! = M! above, BD"!C =
01 | _
164

] = 0.) Therefore det(M,1¢) = det(A) = det(M,). O

02a+2,2a+2- (We can check this by Verifying 11,12D71112,1 = [01,6 11,6] D71112,1 = 11[12D71

0
(016 116]D! ol

6,1
12



Proposition 3.6. For distinct primes p,q and a > 0, Dpge has eigenvalue 0 if and only if a = 1
mod 6.

Proof. After explicitly computing det(M,) = —1,0,3,5,4,1 fora = 0,1, 2,3, 4,5 respectively,
this follows immediately from the previous proposition. O

Proposition 3.7. Ifn = p“g’ anda = b =1 (mod 6) then 0 is an eigenvalue of D,,.
Proof. Suppose that
n=p"q" with u=v=1 (mod 6).

List the divisors of # in the order:

[

La,q ... a0 papq - pd P P g P

The adjacency matrix of D, is of the form:

(Vv u u ---u
u v .u - u
M= U’ ut v ... ul,
ut ut ut - v
where
0 1 1]
11 1
0
1 1
- 00 ... 1
1 1
_1 11 O_ (041) % (041) (v+1)x(0+1)
Consider the following column matrices of size (v + 1) x 1:
T
A:[0110—1—1---0110—1—101]
/ T
A=[-10110 -1 10110 -1-10]

(In A, the block {0 110 -1 —1} is repeated (v — 1)/6 times. The matrix A’ is ob-
tained from A by left-shifting.) Similary, we consider following column matrices of size
(v+1)x1:

T
B:[—1—10110---—1—10110—1—1 )
, 1T
B:[O—l—1011---0—1—10110—1
and
AT
C:[10—1—101---10—1—10110 )
! :T
C:[110—1—10---110—1—1011 .
Let X be the following column matrix of size [(# +1)(v +1)] x 1:
T
X:[AA’BB’CC’---AA’BB’CC’AA’].

13



(In X, the block [A A B B C C’} is repeated (u — 1) /6 times.)

We claim MX = 0. In particular, it shows that 0 is an eigenvalue of M.

We need to show that for every non-negative integers s, t withs ++t = u =1 (mod 6), one
has

ut Ut vou o oulx=o.

Here in the first matrix, UT appears s times and U appears t times.

Note that A+ A’ +B+B' +C+C' = 0. Hence U'(A+A'+B+B' +C+C') =0 =
UB+B +C+C' + A+ A"). We only need to consider the following six cases.

Case1: s =0 (mod 6) and t =1 (mod 6). In this case, it suffices to show that

v u = 0.

A/

51

Let {V U} = |S2|. We have

A/

51:Zai+2a§:1+(—1):0.

i>2 i>1
On the other hand, the difference between the (i 4+ 1)-st row and the ith row of [V | U] is the
row
0 - 01 -1 0 - 0 | 0 - 0 —10 --- 0].
Here, the first —1 is in the i + 1-th position and the second —1 is in the (s + 1) + i-th position.
We deduce that
Siv1—8i=a;— a1 —a, =0.

Hence s; = 0, for every i.

Case2:s=1 (mod 6) and t =0 (mod 6). In this case, it suffices to show that

A
4]0

ur vl

51

= [s2|. We have

51=t11+2af=0—|—020.

i>2
On the other hand, the difference between the (i + 1)-st row and the ith row of [UT | V] is
the row
0 -~ 010 -0 | 0 - 01 —10 -+ 0].

Here, the first 1 is in the i + 1-th position and the second 1 is in the (s 4 1) + i-th position.
We deduce that
Si+1—Si = aip1 +a; —aj,q = 0.

Hence s; = 0, for every i.
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Using similar arguments as in the previous two cases, we can show that
VB4+UB =[s s --- s]T=U'B+ VB,

wheres =Y ;, bj+ Y51 b} = =2 = b1 + L, b}, and that

VA'+UB=U"A"+VB=[-2 -2 ... =2]T,
VB +UC=U"B' +VC=0,
vc+uc =u'c+vc' =[2 2 --- 2]%

Case3:s =2 (mod 6) and t =5 (mod 6). In this case, it suffices to show that

A
Al
B
T 17T B,

u- ut vu u ud uu C:O.
CI
A
A/

We have

U'(A+A)+VB+UB +C+C' +A+A)=-VA +UTA'+ VB - UB
= (UTA' +VB) — (VA + UB) = 0.

Case4:s =3 (mod 6) and t =4 (mod 6). In this case, it suffices to show that

A
A/
B
T 17T 11T B,

u- ut utvu uuu C:O.
C/
A
A/

We have

U'(A+A"+B)+ VB +U(C+C' +A+A)
=U"(A+A)+VB+UB +C+C +A+A)+U'B+ VB —~VB-UB

=U'B+ VB — (VB+UB) =0.
15



Case 5: s =4 (mod 6) and t =3 (mod 6). In this case, it suffices to show that

A
A/
B

T 17T 11T 17T B,
[u ul u uvuuu]czo.
C/
A
A/

We have
U'(A+A +B+B)+VC+UC' +A+A)
=U"(A+A +B)+VB +U(C+C +A+A)+U'B' +VC-VB —-UC
=U'B' +VC— (VB '+ UC) =0.

Case 6: s =5 (mod 6) and t =2 (mod 6). In this case, it suffices to show that

A
A/
B

T 17T 31T 17T 37T B/
[uuuuuvuu}czo.
C/
A
A/

We have
U'(A+A"+B+B +C)+VC +U(A+ A
=U"(A+ A" +B+B)+VC+U(C+A+A)+U'C+VC —VvC-UC
=u'c+vc —(vc+uc) =o.
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