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ABSTRACT. The question of whether a ring is additively generated by its units has been
extensively studied in the literature with various approaches. In this paper, we investi-
gate the connection between this problem and several problems in algebraic graph the-
ory, including the connectedness of gcd-graphs, the existence of perfect state transfer,
and the solvability of certain Diophantine equations. Additionally, we discuss a gen-
eralization of this question in which only certain normalized units are allowed in the
generating set. Our work intersects algebra, number theory, and graph theory, and may

be of interest to a broad audience.

1. INTRODUCTION

The question of which rings are generated by their units has a long and rich history,
attracting mathematicians working in algebra, number theory, and graph theory. In-
spired by the work of Zelinski in [42] on the endomorphism ring of vector spaces, Sko-
rnyakov asked in [37, p.167, Problem 31] for a classification of rings that are additively
generated by units. (The main theorem of Zelinski in [42], which states that every ma-
trix is a sum of two invertible matrices, was later reproved in [20] by Lord, who was not
aware of Zelinski’s work.) More precisely, Skornyakov asked whether every element of
a von Neumann regular ring that does not have Z /2 as a quotient is a sum of units.
Shortly after, Bergman gave a counterexample to this question, which led to a series of
works on this topic (see [10, 34]). Some further refinements of Skornyakov’s question
are investigated in [13, 21]. While [13] takes a purely algebraic approach, [21] looks at it
through the lens of graph theory. More precisely, the authors of [21] realize that a finite
commutative ring R is additively generated by units if and only if the associated unitary
Cayley graph Gg is connected. We recall that Gg is the graph whose vertex set is R and
two vertices a, b are adjacent if and only if a — b is a unit. In the same spirit, in [32, 33]]
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the Waring problem on whether a ring is additively generated by the set of k-th powers
of units has also been approached via the so-called generalized Paley graphs.

Our interest in this question stems from previous work on gecd-graphs (see [18, 25|
30]), U-unitary Cayley graphs (see [29]), and the existence of perfect state transfer (PST)
on them (see [5] 41} 28]). In these works, the sums of units play a crucial role in un-
derstanding the connectedness of these graphs, the explicit calculation of certain arith-
metical sums, as well as whether PST can exist between two nodes. In particular, we
affirmatively answer Skornyakov’s question when R is a finite ring, which is not neces-
sarily commutative (the case where the ring is commutative is settled in [21]).

In this article, we study some questions in the spirit of Skornyakov’s original problem,
but using other subsets S of R. Typically, such an S has an arithmetic origin. Here,
the relevant graph that connects algebra and graph theory is the Cayley graph I'(R, S)
whose vertex set is R and two vertices a, b are adjacentif a — b € S. As observed in [21],
this connection comes from the fact that R is additively generated by S if and only if
I'(R, S) is connected. In the special case where S is stable under the left and right actions
of R*, the Cayley graph I'(R, S) is an example of a gcd-graph, which is widely studied
in the literature (see [5, (18,30} 35, 41]]). In this particular case, our result presented here
completely resolves the question of when S additively generates R using the geometry
of I'(R, S). We also discuss some relationship between gcd-graphs and the total graphs
introduced by Anderson and Badawi in [3].

1.1. Outline. In Section |2, we revisit the question of when a ring has the property that
every element is a sum of two units. Here, we describe various different interpreta-
tions of this property. We also study the inheritance of the 2-sum property under ring
homomorphisms and ring extensions. Furthermore, we answer a generalization of Sko-
rnyakov’s original problem; namely, we classify all elements in a finite ring that are the
sum of two units. We apply this result to calculate precisely the sum of all units in a
finite ring. Additionally, we also use it to give a complete classification of connected
gcd-graphs. In Section (3| we study a generalization of Skornyakov’s problem where
only certain normalized units are allowed in the generating set. We focus our discus-
sion on three standard rings: matrix rings, group rings, and finite fields (in all these
cases, there is a natural definition of normalized units). While the study of these rings is
encompassed by the framework we laid out, the proofs for each case are quite different
in nature. Finally, in Section @ we use the sums of units to study the non-existence of
perfect state transfer (PST) on Cayley graphs. We show, in particular, that there is no
PST on gcd-graphs defined over a ring that has the n-sum property.

2. SUMS OF UNITS

Let R be a finite unital ring such that 0 # 1. In this article, we follow the convention

that a ring homomorphism ® : R — R’ would preserve 1; namely, ®(1) = 1. We also
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say that R is a quotient of R if there is a surjective ring homomorphism ® : R — R’. We
will write IF; for a finite field with g elements.

2.1. Equivalent conditions for rings with the 2-sum property. Let n be a positive inte-
ger. In [13], the authors define the notion of a ring with the n-sum property. Namely,
a ring R is said to have the n-sum property if and only if every element in R can be
written as the sum of exactly n elements in R*. In [1}[13} 21, 30], the authors shows that
for a ring R, if IF, is not a quotient of R, then R has the 2-sum property. Furthermore,
using a graph-theoretic argument, [21] (for finite commutative rings) and [27] (for any
finite ring) show that R is additively generated by its units if and only R does not have
a quotient of the form IF, x IF, . We discuss below some reformations and applications
of these results. The first treats several equivalent conditions for R to have the 2-sum
properties, covering its unit group, quotient rings, certain special units, and the unitary
Cayley graph defined on R. To do so, we recall that in [24], Nagel introduces the notion
of an exceptional unit; namely, a unit u is called exceptional if 1 — u is also a unit. We
are now ready to state our theorem.

Theorem 2.1. The following conditions are equivalent

(1) R has no quotient of the form IF; .

(2) R has the 2-sum property.

(3) R has at least one exceptional unit.

(4) The unitary Cayley graph Gg is not bipartite.

Proof. We will show that (1) = (2) = (3) = (4) = (1).

Let us first prove that (1) = (2). Let R® = R/Rad(R) be the simplification of
R with Rad(R) being the Jacobson radical of R. Since an element in R is a unit if and
only if its image in R* is a unit, R has the 2-sum property if and only if R*® does (see [9,
Proposition 3.40] and [13| Proposition 1.3]) . By the Artin-Wedderburn theorem, R*® is
isomorphic to a direct product of the form [];_; My, (F;) where n; > 1 and F; is a finite
tield. By our assumption, none of these factors is IF, . By [20], each of these factors has
the 2-sum property. Consequently, R*® and hence R has the 2-sum property.

Let us now prove (2) = (3). Since R has the 2-sum property, we can write 1 =
u + v where u, v € R*. By definition, u is an exceptional unit in R.

Next, let us show that (3) == (4). Suppose that u is an exceptional unit. Then
{1,u,1+ u} forms a triangle in Gg. Therefore, Gg cannot be bipartite.

Finally, let us show that (4) = (1). Suppose to the contrary that R has a quotient
of the form [F,. Let ® : R — TF, be such a quotient map. Let U = ker(®) and V =
1 + ker(®). Then if x,y both belong to either U or V then ®(x —y) = 0. As a result,
x —y ¢ R*. By definition, U, V form a partition of Gg with the bipartite property. We
conclude that ® cannot exist.
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Corollary 2.2. Suppose that there is a ring map ® : R — R’. If R has the 2-sum property, then
so does R'.

Proof. Since R has the 2-sum property, R has an exceptional unit u. Then ®(u) is an
exceptional unit in R’. By Theorem 2.1} R’ has the 2-sum property as well. O

Remark 2.3. The converse of Corollary 2.2|is not true. Here is a counterexample: R’ be
a ring with the 2-sum property, R = IF; xR’ and ® : R — R’ is the canonical projection
map.

Even under the assumption that R is a subring of R’, the converse is also not true.
For example, let R = F, X F; and R’ = M;(IF;). Let ® be the diagonal embedding of
IF, x IF; into M;(IF). In this case R’ has the 2-sum property but R does not. Below, we
discuss various situations where the converse of Corollary 2.2/ holds.

First, we deal with the study of rings that are additively generated by units. In gen-
eral, it is not true that under the same assumption in Corollary R’ is additively
generated by units when R is. For example, let R = F,, " = F; x Fy,and ® : R — R’
be the diagonal embedding; namely ®(a) = (a,a). Then R is generated by units but R’
is not. However, this statement would be true if R’ is a quotient of R.

Proposition 2.4. Suppose that R is a quotient of R. If R is additively generated by units, then
R’ is also additively generated by units.

Proof. We give two proofs for this statement. The first one is purely algebraic. Suppose
that € R’. Let 7 be a lift of R’ to R. Then, 7 is a sum of units in R. By projecting this
property to R’ and observing this projection sends units to units, we conclude that r is
also a sum of units in R’.

The second proof is also along the same line, but it is somewhat more geometric. The
quotient map between R and R’ induces a graph morphism between Gg and Ggr which
is surjective at the vertex level. Since Gg is connected, Gy is connected as well. Conse-
quently, R is additively generated by units.

O

Next, we discuss the converse of Corollary 2.2/and Proposition [2.4] for certain classes
of ring extensions. First, we study the case of group rings.

Proposition 2.5. Let G be a finite group and S a finite ring. Then, the following statements
hold

(1) S[G] is additively generated by units if and only if S is additively generated by units.
(2) If S has the 2-sum property if and only if S[G] has the 2-sum property.

Proof. Let us first focus on (1). Suppose that S[G] is generated by units. Since the aug-

mentation map € : S[G|] — S is surjective, Proposition [2.4 implies that S is also addi-

tively generated by units. Conversely, suppose that S is additively generated by units.
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We claim that S[G] is also additively generated by units. In fact, let us consider a basic
element of S[G] of the form sg where s € S and ¢ € G. Because S is additively generated
by units, we can write s = ), csx u. Therefore

sg= ) ug.
ueS*
By definition ug € S[G]*. Therefore, ug belongs to the abelian group generated by
elements of S[G|*. Since each element of S[G] is a sum of basic elements of the form ug,
we conclude that S[G] is additively generated by units.

Let us now focus on (2). Suppose that S has the 2-sum property. Since S is a subring of
S[G], Corollary 2.2]implies that S[G] also has the 2-sum property. Conversely, if S[G| has
the 2-sum property then using the augmentation map € : S|G| — S and Corollary
we conclude that S also has the 2-sum property.

O

When S is a finite field, we have the following simple yet interesting result. We remark
that the third property follows from our graph-theoretic argument. We are not aware of
any purely algebraic proof for it.

Corollary 2.6. Let F be a finite field and G a finite group.

(1) F[G] is generated by units.
(2) F[G] has the 2-sum property if and only if F # F;.
(3) When F = TF,, F»[G| has no quotient of the form Fy x IF, .

Another class of rings where the converse of Corollary 2.2/ holds is the following.

Proposition 2.7. Let ® : R — R’ be an infinitesimal extension; namely, ® is surjective, and
the kernel of @ is a nilpotent ideal. If R’ has the 2-sum property, then so does R.

Proof. We first claim that if x € R’ and X is a lift of x to R then X is a unit in R. In fact,
let y be the inverse of x and 7 is a lift of y. Then ®(xXy) = xy = 1 = ®(1). This implies
that (X7 — 1) € ker(®). Consequently, Xy = 1 + m where m € ker(®). Because ker(P)
is nilpotent, 1 +m € R* and hence X € R*.

Because R’ has the 2-sum property, Theorem 2.1 implies that it has an exceptional
unit u. Let i be a lift of u to R. Since ker(®) is nilpotent, both i1, 1 — if are units in R. By
definition, i is an exceptional unit in R. Therefore, R has the 2-sum property. O

2.2. Elements in a finite ring which are the sum of two units. In this section, we study
the following question: which elements in a finite ring R can be written as a sum of 2
units? Let us first start with a motivational problem; namely, we study the sum of all
units in a finite ring R. The case where R has the 2-sum property is relatively easy.

5



Proposition 2.8. Suppose that R has the 2-sum property. Let S be a set which is stable under
the left (or right) action of R*; namely, R*S C S. Then

Ts=) s=0.

seS

In particular

TRx: Z u=020.

UERX

Proof. Since S is stable under the action of R*,

MYEIZ 2:1512 z:SIZ Té.

seS SsES

Therefore, (u —1)Ts = 0 for all u € R*. Furthermore, since R has the 2-sum property,
by Theorem it has an exceptional unit u. Since u — 1 € R*, this would imply that
Ts =0. O

One may wonder what happens in Proposition[2.§)if R does not have the 2-sum prop-
erty. The argument given above shows that for all u,v € R*, (u+v)Ts = 0. We see
that, in order to answer this question, we need to dive a bit deeper into Skornyakov’s
problem. More precisely, we will need to answer the question raised at the beginning
of this section: which elements of a ring R can be written as the sum of two units? In
[30], we study this problem when the ring R is finite and commutative. We will show
below that the same argument works for any finite ring as well. Let us recall that by
the Artin-Wedderburn theorem, R is isomorphic to a product of matrix rings M,, (F;)
where n; > 1 and F; is a finite field. Let » be the number of factors of R° such thatn; =1
and [F; = 2. Then R® = F, xS. where S does not have FF, as a quotient. In particular, S
has the 2-sum property by Theorem We are now ready to state our result.

Proposition 2.9. Let ® be the composition R — R* := F; xS — F, where r is as above. Let
ker(®) be its kernel. Then, every element of ker(®) is the sum of two units. Conversely, an
element of R can be written as the sum of two units if and only if it is in ker(P).

Proof. Suppose that x € ker(®). Let ¥ be the image of x in R® = I}, xS. Because
% € ker(®), ¥ is of the form (0,s) where s € S. We know that S has the 2-sum property,
so we can write s = uj + up where uy,u; € S*. We then see that ¥ has the following
presentation as the sum of two units

= (1uy)+ (1, up).

Let v1 (respectively v;) be the lift of (1,u7) (respectively (1,u3)) to R. Then v1,v; € R
and x = v1 + vy + m for some m € Rad(R). Since m € Rad(R), v, + m € R*. By letting

v3 = vy + m, we see that x is the sum of two units; namely v; and v3.
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Conversely, suppose that x is the sum of two units. Then ®(x) is also the sum of two
units. Since the only unit in IF} is 1, we conclude that ®(x) = 1+ 1 = 0. Equivalently,
x € ker(®P).

O

Let us keep the same notation as in Proposition We then have the following
corollary.

Corollary 2.10. Suppose that S is stable under the action of R*. Let
TS = Z S.
Then aTs = 0 for all a € ker(P).

Proof. The fact that aTs = 0 follows from the same argument as in Proposition [2.8 and
the fact that every element in ker(®) is the sum of two units. O

When S = R*, we can calculate Ty~ explicitly.

Proposition 2.11. Tgx = Y, crx u 7# 0 only if R is one of the following rings.

(1) 2=0inR, |Rad(R)| = 2 and R/Rad(R) = F;, for some r > 1. In this case, Tgx = e
where e is the unique non-zero element in Rad(R).

(2) Rad(R) = 0and R = F} x ([T:_, F;) where r > 1, F; is a finite field of characteristics
2and |E| > 2 foreach 1 < i < t.In this case Tgx = (1g;,0).

Proof. First, we observe that if R = Ry x R, then

In fact

Trx = Z (ug,up) = 2 Z (11, u2)

U1 €ERY upeRY U1 ERY upeRY
= YIRS (1, Tey) = [RY RS (T T ).
uleRf

We consider three cases.
Case 1. 2 # 0 in R. Then, we can decompose the set of units into pairs {u, —u}. In this
case, Tgx = 0.
Case 2. 2 = 0 in R and Rad(R) # 0. Let e € Rad(R). Then, we can decompose R* into
pairs {u, u + e}. We then see that
[R”]
2
We remark that there is an exact sequence of (multiplicative) abelian groups

TRX = e.

1— 14+ Rad(R) -+ R* — (R/Rad(R))* — 1.
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Furthermore, since 2 = 0in R, 1+ Rad(R) is a 2-group. Therefore, we can conclude that
that ’RZ—X‘ # 01in R if and only if |[R* | = 2. By the above exact sequence, this happens if
and only if |Rad(R)| = 2 and |(R/Rad(R))*| = 1. The second condition only happens
if R/Rad(R) = IF} . In this case, Trx = e.

Case 3. 2 = 0in R and Rad(R) = 0. In this case R = H‘le M, (F;) where n; > 1 and F;
is a finite field of characteristics 2. We then have

d
TRX - <H|M1’11(FI)X|> (TMnl(Fl)X"”,TM”d(Fd)X).

i=1
We know that

1’11‘71

My, (E)*| = [TUE" ~ E]),

i=0
which is even unless n; = 1. Since 2 = 0 in R, this would imply that Tgxx = 0. Let us
now assume that n; = 1forall 1 < i < d. Then |M,,(F;)*| = |F| = |F;| — 1 which is
odd. We then have
TRX = (T]\/In1 (Fl)x, ooy TMﬂd(Fd)X )
We know that Tpx = 0if |F;| > 2 and Tr, = 1 if F; = IF, . Therefore, Tz« # 0 if and only

if there exists 1 <i < dsuchthatF;, = IF,.
O

We now utilize Proposition 2.9 to give a complete classification of gcd-graphs that
are connected. We recall that a Cayley graph I'(R, S) is called a gcd-graph if S is stable
under the left and right actions of R; namely, R*SR* = S. This kind of graph is widely
studied in the literature, starting with the work of Klotz-Sander on gcd-graphs over the
cyclic ring Z /n. Later developments study gcd-graphs over polynomial rings, unique
factorization domains, finite chain rings (see [17,23}40]), and culminating with the most
general definition in [30].

Let Sy, ...,Sm be the orbits of the double coset R*\R/R*. Then as explained in [29],
['(R,S) is a ged-graph if S is a disjoint union of some of the cosets S;’s. Namely, there
exists a subset I C {1,2,...,m} such that S = | |;c; S;.

For each x € R, we denote by I to be the two sided ideal generated by x. By defini-
tion, I, is the following set

I, = {Za,-xbi | a;, b; € R} .
i

We remark that if x and y belong to the same coset; namely x = uyv where u,v € R*
then then I, = I,,.

Theorem 2.12. Let IF}, be the largest Fo-type quotient of R and & : R — IF}, be the quotient
map. Let T(R,S) be a gcd-graph over R where S = | |;c; S; for some I C {1,2,...,m}. Let I;
8



be the two-sided ideals generated by x; € S; (I; is independent of the choice of x;). Then T'(R, S)
is connected if and only if the following conditions hold

(1) Yier i = R.
(2) The cube-like graph T (IF5, ®(S)) is connected.

Proof. Suppose that I'(R,S) is connected. The map ® induces a graph morphism
I'(R,S) — TI'(IF,, ®(S)). We note that, ®(S) may contain 0. In this case, I'(IF;, ®(S))
will have a simple loop at each vertex, which does not affect its connectivity. Since
I'(R,S) is connected and P is surjective at the vertex level, I'(IF;, ®(S)) is connected as
well.

Let H be the abelian group generated by S. Then, H is the set of elements of the form
Y.i ngsy where ny € Z and s; € S. We see that H C ) ;< I;. Furthermore, since I'(R, S) is
connected, H = R. This shows that ) ;,c; I; = R as well.

Conversely, suppose that both of the above conditions are satisfied. Let r € R. We
will show that r € H. In fact, since T'(IF5, ®(S)) is connected, we can write ®(r) =
Y 1k P(sr), where ny € Z and s; € S. By definition (r — Y ngsy) € ker(®P). Since
Y nise € H, it is sufficient to show that ker(®) C H. In fact, let t € ker(®). Because
Yicrli = R, we can write 1 = Y ;1 Y x aikXibix, where aj, by, € R, x; € S, Furthermore,
as we explained previously, since I'(IF;, ®(S)) is connected, we can also write 1 = p +
Y i mysg where p € ker(®), s € S and my € Z. We then have t = Y, my(txy) + tp. Since
t € ker(®P), t is a sum of two units; say t = u + v where u,v € R*. Then tx; = uxy + vx.
By definition uxy, vx; € S and hence tx; € H. We claim that tp € H as well. In fact

tp = t(1)p = )Y _(tai)xi(bixp).
i€l k
Since ta;, and by p is in the kernel of @, each of them is a sum of two units. Furthermore,
since R*SR* = S, we conclude that (fa;)x;(bjyp) is the sum of four elements in S. In
particular, (ta;)x;(byp) € H. This shows that tp € H. We conclude that t € H and
hence H = R. In other words, I'(R, S) is connected. 0

Finally, we conclude this section with some discussion of the unit graph (see [14] for
a survey on this topic). This type of graphs and their variants, such as total graphs,
have been extensively studied in the literature (see, for example, [3] 4]). We recall that
the unit graph Uy is the graph whose vertex set is R. Additionally, two vertices a, b are
adjacentif a + b € R*. By a direct analogy with gcd-graphs, we can define the notion of
a total gcd-graph as follows.

Definition 2.13. Let S be a set which is stable under the left and right action of R*. The
total gcd-graph of R with respect to S, denoted by T(R, S) is the graph whose vertex set

is R. Furthermore, a4 and b are adjacent if and only ifa + b € S.
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While it is not true in general that T(R,S) and I'(R, S) are isomorphic (see [39, 36]
for some study on the relationship between these two graphs), the following statement
holds.

Proposition 2.14. The following conditions are equivalent.

(1) T(R,S) is connected.
(2) S additively generates R.
(3) T(R,S) is connected.

Proof. The equivalence between (1) and (2) is well-known. The equivalence between
(1) and (3) follows from an identical argument given in [2, Theorem 4.1]. O

3. SUMS OF NORMALIZED UNITS

In this section, we study the n-sum property of R with respect to a general subset of
R. In particular, we investigate the case where these subsets have arithmetic origins. To
do so, we introduce the following formal definition.

Definition 3.1. Let S be a subset of R. We say that R has the n-sum property with respect
to S if every element of R can be written as a sum of exactly n elements in S.

The case S = R* is precisely Skornyakov’s question. On the other hand, if S = (R*)*
where k is a positive integer, our definition is directly related to the Waring problem (see
[32, 33] for some work on this topic where the authors also approach this problem via
graph theory). We remark that if S C S’ and R has the n-sum property with respect S,
then R also has the n-sum property with respect to S'. In particular, if S C R*, then R
has the 2-sum property with respect to S only if R has no quotient of the form IF, . For
the rest of this article, we will denote by U a subgroup of R*. Since we only deal with
undirected graphs, we will also assume that —1 € U.

We first discuss a general result that studies the n-sum property with respect to a
quotient map.

Proposition 3.2. Let R be a finite ring, and R’ is a quotient of R equipped a quotient map
® : R — R’. Let U be a subgroup of (R")* and Uy = {r € R* | ®(r) € U}. Suppose that
ker(®) C Rad(R). Then R has the n-sum property with respect to Ug if and only if R has the
n-sum property with respect to U.

Proof. Suppose that R has the n-sum property with respect to Ug. Let u € R" and il be a
lift of u to R. Since R has the n-sum property with respect to Uep we can write if = ;' ; x;
where x; € Ugp. We then have u = ®(if) = YI' ; ®(x;). By definition, ®(x;) € U. We
conclude that R’ has the n-sum property with respect to U.
Conversely, suppose that R” has the n-sum property with respect to U. We will show
that R also has the n-sum property with respect to Ug.
10



First, we claim that if y € (R’)* and 7 is a lift of y then ¥ € R*. In fact, let ¢ be the
inverse of y; namely yt = ty = 1. Let t be a lift of £. Then {jt = 1+ a for some a € ker(®P).
By our assumption, ker(®) C Rad(R), so 1+ a € R*. This implies that € R* as well.
As a consequence of this observation, we conclude that Ugp = ®~1(U).

Now, let v € R, then ®(v) = Y/ ;y; for y; € U. We then have v = m+ Y 1 ¥; =
(m+1vy1) + Y, ; where ¥; is a lift of y; in R and m € ker(®). Since Uy = ®~1(U), we
know that i1 +m € Uy and i; € Uy for 2 < i < n. We conclude that v can be written as
the sum of n elements in Ug. We conclude that R has the n-sum property with respect
to Ug. O

We discuss below some partial results for standard choices of R and U in the litera-
ture.

3.1. Sums of normalized units in matrix rings. First, we deal with the case of matrix
rings with coefficients in a finite field.

Proposition 3.3. Let F be a finite field and n > 2. Let R = M,,(F) and U = £SL,(F) where
SL,(F) = {A € M,,(F) | det(A) = 1}. Then R has the 2-sum property with respect to U.

Proof. Let C € M, (F). We claim there exist A, B € SL,(F) such that
C=A-B.

Let r = rank(C). By the theory of Gauss eliminations, there exist P, Q € GL,(F) with

Iy
PCQ — 0 — Ir @ 0;171/.

Write C' := PCQ. It suffices to write C' = A’ — B’ with det(A’) = det(B’) = « where
a = det(P) det(Q), since then

C = P*lA/Qfl . P*lB/Qfl

and P~1A’Q~1, P~1B'Q~! € SL,(F).
Our approach is based on the following determinant identity for an n X n matrix of
the cyclic form

X1 4
X2 A
det = x1x0 - X+ (=1) " lajay - - - ay.

Xn—1 an—1
an Xn

In this matrix, every other entry is 0. We construct matrices A’ and B’ of the same cyclic

type so that A’ — B’ = I, & 0,,_,. Concretely, choose entries x; and a; and set
11



(1+x1 m 0 0 0 0 |
0 1+x a 0 0 0
| 0 0 -+ 1+4+x a 0 - 0
|l o0 0 -+ 0 0 @y --- 0|
0 0 0O 0 O a, 1
| an 0 0 0 0 0 |

where the first » diagonal entries are 1+ x1,...,1 + x, and the remaining (n — r)

diagonal entries are 0. Similarly, define

(x1 4 O -+ 0 0 - 0]

0 Xo ap - 0 0 0

B — 0O 0 x, a 0O 0
o o 0 0 a1 0
0 0 - 0 0 0 - a,4

a, 0 .-~ 0 0 0 -+ 0

Then A’ — B’ = I, © 0,,—,. We consider two cases.

Case 1: r = n. Choose
x=-1, xp=-=x,=0, a;=(-1)""a, ap=---=a,=1,
Because x1 +1 =0
det(A") = (1+x1)--- (14 x,) + (=1)"ay - a, =,

Similarly det(B’) = a.
For example, when n = 3,

0 « O -1 a O
=101 1[|—-|0 0 1
1 01 1 00
Case 2: r < n. Take x,11 = -+ = x,, = 0, and set
a=(-1)""%, apy=---=a,=1

Then
det(A)=1+x1)---(1+x) -0+ (=1)"ay---a, =«

det(BY=x1---x,-0+ (=1)"tay - -a, = q,
12



For example, for n = 3 and r = 2, we have

L®0; =

_ O

o = R

o = O
|

By the same argument as in Proposition[2.8| we have the following corollary.
Corollary 3.4. Let n > 2 and F be a finite field. Then Y., cgr, (ry 4 = 0.

3.2. Sum of units in a group ring. Let F be a finite field and U C F* such that F has
the n-sum properties with respect to U. This necessarily implies that F # [F, and we
will make this assumption throughout this section.

Let G be a finite group and R = F[G] be the group algebra of G with coefficients in F.
Let eg : F[G] — F be the augmentation map and U, = {r € F[G]* | &(r) € U}. In this
section, we study the following question.

Question 3.5. Suppose that F has the n-sum property with respect to U. Is it true that
F[G] also has the n-sum property with respect to Uy?

Remark 3.6. We can easily show that F|G] always has the N-sum property with respect
to U, where N = n|G|. In fact, a basic element of F[G] is of the form ), a,¢. We can
write each 4, as the sum of n-terms in U. Each of these terms when multiplied by ¢ is an
element of U .. Question 3.5 asks for a stronger statement, namely F[G| has the n-sum

property.

First, we deal with the easy case where |G| is a p-group with p = char(F). In this case
the answer to Question 3.5]is affirmative.

Proposition 3.7. Suppose that G is a a p-group with p = char(F). Then F|G| has the n-sum
property.

Proof. It is well-known that if G is a p-group and p = char(F) then Rad(F[G]) = A(G)
where A(G) = ker(geg). Since F|G]/A(G) = F has the n-sum property with respect to
U, by Proposition F[G] has the n-sum property with respect to U_.. O]

Next, we study Question 3.5/in the other direction: namely, when F|[G] is semisimple
or close to being semisimple. To do so, we need to introduce some terminology. Let H be
anormal subgroup of G. We will denote by ¢¢ p the augmentation map F[G| — F[G/H].
The kernel of e i will be denoted by A(G, H).

Proposition 3.8. Suppose that H <1 G and |H| is invertible in F. If F[G/H| has the n-sum

property with respect to Uy ,,,, then F[G] has the n-sum property with respect to U.
13



Proof. Let ey = ‘1?‘ Y nen B As explained in in [22, Proposition 3.6.7], ey is a central
idempotent of F[G] and we have the following isomorphism of rings
F|G] = F[Glen @ F[G](1 —en).
Furthermore, F[Gley = F[G/H| and F|G](1 —ey) = A(G, H). Under this isomorphism,
the restriction of the augmentation map ¢ on F[G/ H] is nothing but €, . On the other
hand, the restriction of ¢ on A(G, H) is 0. We then see that
Ue = Ue,; © MG, H) ™.

By Corollary 2.6, F[G]| has the 2-sum property with respect to F[G]*. Consequently, by
Corollary 2.2} A(G, H) also has the 2-sum property with respect to A(G, H)*. Since n >
2, A(G, H) has the n-sum property with respect to A(G, H)* as well. By our assumption,
F[G/H] has the n-sum property with respect to U ,,,. We conclude that F[G] has the
n-sum property with respect to Us,.. [

We discuss some corollaries of Proposition

Corollary 3.9. Suppose that |G| is invertible in F. Then F|G] has the n-sum property with
respect to Us.

Proof. In this case, we can take G = H as in Proposition 3.8 Then, F[G/H] = F, which
has the 2-sum property with respect to U by our assumption. 0

By Proposition [3.7jand Corollary we have the following proposition.
Proposition 3.10. If G is a p-group then F|G] has the n-sum property with respect to U...

Proof. The case p = char(F) is proved in Proposition [3.7] and the case p # char(F) is
proved in Corollary O

We discuss another corollary where the answer to Question [3.5is affirmative.

Corollary 3.11. Suppose that H <1 G and |H| is invertible in F. Assume further that G/ H is
a p-group. Then F[G] has the n-sum property with respect to Uk

Proof. This statement follows from Proposition [3.7land Proposition O

We discuss another orthogonal variant of Proposition 3.8

Proposition 3.12. Suppose that H is a normal p-subgroup of G where p = char(F). If F[G/H]
has the n-sum property with respect to Ue ,,,, then F[G] has the n-sum property with respect to
Ue. In particular, if H is a normal p-Sylow subgroup of G and F|G/ H] has the n-sum property
with respect to Ue ,,;, then F[G] has the n-sum property with respect to Ue.

Proof. By [31, Theorem 16.6] and the fact that H is a p-group, we know that A(G, H) C
Rad(F(G)). This first statement then follows from Proposition[3.2]

The second statement follows from Proposition [3.2land Corollary O
14



Other than the above scenerios, it is unclear to us whether Question [3.5/ has an affir-
mative answer for all finite groups G. We provide below a class of groups which we
know the answer to.

Proposition 3.13. Suppose that G is either an abelian group or a dihedral group. Then F|G]
has the n-sum property with respect to U,

Proof. We will give a proof for the case G = D, where n > 1. The case where G is
abelian is easier and can be proved in the same way. For n = 1 or n = 2, Dy, is a 2-
group so the statement holds by Proposition Suppose that it has been proved for
all m < n. We will show that it also holds for D,,. If n is a power of 2 then the statement
holds by Proposition Otherwise, suppose that there exists p | n such that p # 2.
Let « = vy,(n). Then, we can find an exact sequence of the form

1—2Z/p" = Day — Dyyype — 1.

If p = char(F), then our statement follows from Proposition and our induction
hypothesis applied to Dy, /. On the other hand, if p # char(F), then it follows from
Proposition 3.8 and the induction hypothesis applied to Dy, /pe. O

3.3. Sums of normalized units in a finite extension of fields. In this section, we discuss
another situation where normalized units appear quite naturally. More precisely, we are
interested in the following question.

Question 3.14. Let L/ F be a non-trivial finite field extension of finite fields. Let N : L —
F be the norm map, Uy ;r = {u € L* | N(u) = 1} and U;",, = {4u | u € Uy r}. Does

L/F
there exists a positive integer n such that L is has the n-sum property with respect to
Uit 2
L/F

We remark that we need to consider Uf/ r to ensure that the graph I'(L, Uf/ r) is undi-
rected. Additionally, if [L : F] is even, then N(—1) = 1 and hence U} ;r = LILi/ -
While we do not have a complete answer for Question we will prove some par-

tial results. More precisely, we will prove the following theorem.
Theorem 3.15. Let F = IF; and L/F be a non-trivial finite field extension. Let Llf/F be as
above. The following statements hold

(1) L is additively generated by LILi/ - In particular, the Cayley graph T'(L, Uf/ r) is always

connected.
(2) If[L : F] > 4, then L has the 2-sum property with respect to LILi/ =
(3) If [L : F] = 3, then L has the 4-sum property with respect to UZ—L/ - Furthermore, if the

equation x4+ y1=1 4+ 24=1 = 0 has a solution in L, then L has the 3-sum property
with respect to llLi/ P

We will prove Theorem by a series of results in field theory, which might be of

independent interest.
15



Proposition 3.16. Let L/F be a finite Galois extension of fields (which might not need to be
finite). Let K be a proper subfield of L and o € Gal(L/K) such that o % 1. Then, there exists

x € L™ such that @ ¢ K. In particular, Uy ¢ K.

Proof. Suppose to the contrary that o(x)/x € K for all x € L*. We claim that this would
lead to the equality that L = L7~! U K, which is a contradiction.

For each x, there exists f(x) € K such that o(x) = f(x)x. Similarly, we have o(x +
1) = f(x+1)(x 4+ 1). This implies that

(x+1)f(x+1)—xf(x)=0(x+1) —0(x) =1.

We can rewrite this as

X[flx+1) = f)] =1 f(x+1).

If f(x+1)— f(x) # 0thenx € K. Otherwise, if f(x+1) = f(x),then1— f(x+1) =0
and hence f(x) = 1. This would implies that o(x) = x; or equivalently x € L’=!. In all
cases, x € L1 UK.

U

Proposition 3.17. Let L be a finite field and U C L*. The following conditions are equivalent

(1) T(L,U) is connected.
(2) U ¢ K for all proper subfield K of L.

Proof. Let S be the abelian group generated by U. We know that U C S. Furthermore,
we can check that S is a subring of L. Since L is a field, S is even a subfield of L. By our
assumption, for each proper subfield Kof L, U ¢ K, and hence S ¢ K. This must imply
that S = L. Therefore, I'(L, U) is connected. O

We then see that the first part of Theorem follows from Proposition and
Proposition Let us now prove the second part of Theorem By Hilbert 90,

every normalized units in L/F is of the form _qux)
Frobenius map o, (x) = x7. The second part of Theorem B.15|follows from the following
result.

= x17! where g = |F| and 0, is the

Lemma 3.18. Let F = I, and [L : F| > 4. Then for each b € L, there exists x,y € L* such
that either x7~1 —y17= 1 = bor x1~1 +y1-1 = b.

Proof. 1f b = 0 then we can take x = y = 1, and we have 17! — 171 = 0. Let us suppose
that b # 0. We will show that we can find x,y € L* such that x7~! + 471 = b.

Let k = [L : F] and hence L = Fx. We modify the proof given in [6, Theorem 3].
Let N,(b) be the number of solutions of the equation x7~1 + y7=1 = b. Let My (b) be

the number of solutions such that x,y € L*. We need to show that M,(b) > 0 for
16



each b € L. For each b, the equation x7~1 = b has at most 4 — 1 solutions. Therefore
M;(b) > Np(b) —2(q — 1). On the other hand, by [16, Corollary 1, p. 57], we have

[N2(b) = q*| < (9= 1)%¢""2.
This shows that Np(b) > g* — (g — 1)2g*/? and hence
Ma(b) > ¢* = (9 - 1242 —2(q - 1).
If k > 4 then
Mp(b) > [q° = (9-1)%9"2 = 2(q - 1) = (2 -1)g"2 ~2(q-1) > (29 -1) - 2(q-1) = 1.
U

Remark 3.19. We can show that if k is odd then we cannot find x,y € L* such that
0= x171 + 71 In fact, if we let z = x/y then z1~! = —1. We then have

k_
1=29"1= (z‘7_1)qflf11 = —1.

This would contradict the fact that g is odd. Therefore, it is important to use ULi/ F

instead of Uy /.
The last part of Theorem follows from the following lemma.

Lemma 3.20. Suppose that F = IF; and [L : F| = 3. Then for each b € L*,

q-1 -1 _
x; +...+x3 =0b

has a solution such that xq,x>,...,x4 € L.

Proof. If ¢ = 2, then U} ;p = L*. Since L has the 2-sum property with respect to L*, the
above statement holds. We will assume that g > 3. We will prove this statement using a
similar argument as in the proof of Lemma Let Ny, (b) be the number of solutions
of the equation

1 1 1
XX o+ xh =0

Similarly, let M,,(b) be the number of solutions such that x1, xp, ..., X, € L*. As before,
our goal is to show that M3(b) > 0. We have the following lower bound for M,,(b)

By [16, Corollary 1, p. 57], we have the following estimate

My (b) — 01| < (g —1)"g"2.
17



FIGURE 1. The Cayley graph I'(IFyg, Uﬁztlé /E,)
In our particular case where [L : F] = 3, we have N3(b) > q° — g3(g — 1)3. Similarly, we
have No(b) < ¢° + ¢%(q — 1)'. We conclude that

Ms(b) > ° —q°(9=1)* = 3(¢’ + (4 - 1))
>q°—q(q—1) - 6"
>q(q = (9-1)=9") =4°G¢" =37 +1-69")

We can see that if ¢ > 4, then M3(b) > 0. On the other hand, when g = 3, we can check
directly that M3(b) > 0 as well.
0

One may ask whether similar statements in Theorem hold when [L : F] = 2.
Unfortunately, they are not, but there are some patterns. For example, let F = F,; and
L = Fi6. Here [L : K] = 2 and the graph T'(L, Uf/F) is shown in Fig. [1| Brute-force
computations in SageMath show that L does not have the 3-sum property with respect
to Uf/ p A visual proof of this fact is that, if one squints enough at Fig. (1, there are no
3-cyclesin T'(L, Uz[/ £)-

The n-sum properties for n € {2,3} for other values of 4 are summarized in Table
The data suggest when that when g is odd, L has the 3-sum property with respect to
UE‘L/ E, only if ¢ Z 1 (mod 6). On the other hand, the data also suggest that the 2-sum
property with respect to LILi/ p fails for g > 4 (note that in this case U ;r = ULi/ F since
N(—1) = (=1)%? = 1). We will provide below an explanation for these observations for
the case =1 (mod 6). (see Lemma[3.21])

When [L : F] = 3, as explained in Remark L does not have the 2-sum property
with respect to U ,r. Theorem m on the other hand, shows that L has the 3-sum
property with respect to Uz[/ p- Our numerical data shows that for 2 < g < 32, L has the

2-sum property with respect to ULi/ - It would be interesting to either prove or disprove
18



q 2(3|4|/5|7|8|9|11|13|16|17|19|23|25|27|29|31 |32

2-sum property | T |T|F|F|F|F|F| F | F|F|F|F|F|F

ss!
ss!
ss!
ss!

3-sum property | T |T |F|T|F|F|T, T |F|F|T|F|T|F|T|T|F|T

TABLE 1. n-sum property when [L : F] = 2.

this statement for all 4. If it is true, then for each b, at least one of the following equations
has a solution in (L*)?:

1

g—1 q—1 _ q—1 q—1 _ q—1 g-1 _

Lemma 3.21. Ifg =1 (mod 6), then the equation

1

q—1 =1 _
Xy tx, =1,

has no solution such that x1,x, € quXZ . Similarly, the equation
-1 -1 -1
x;] + xg + xé’ =0,
has no solution such that x1,x,,x3 € F% .
q

Proof. Suppose x1,x3 € ]quz such that xz_l + xg_l = 1. Then, applying the Frobenius

. 7>—1
= 1. Since x1,x2 € quz, Xq =

2_ _ _ _ _
xg T 1. This shows that x;](q D _ 1/x? ! and xg(q D _ 1/xg 1. We then see that

automorphism ¢y to both sides, we get xl{(q_l) + xg(q_l)

-1 -1 1y, q-1
XA+ =TT =1

Therefore, 1y := xq_l, Uy := x171 are roots of the equation T2—T+1 = 0. Since T3 +

1 = (T+1)(T?>— T +1), we conclude that u$ = u§ = 1. On the other hand, u?“ =

2
-1
7

= 1.Sinceg+1 =2 (mod 6), we must have u? = 1. Similarly, u3 = 1. This would
imply that uy, up € {1, —1}. However, it would contradict the fact that u; + uy = 1.

For the second equation, we can homogenize the equation by diving both sides by
ull where u € IF;Z such that ngl = —ui~1 (this is possible since N(—1) = (—=1)? = 1).

The result then follows from the first part. O

4. SUMS OF UNITS AND PERFECT STATE TRANSFER ON GRAPHS

Let G be an undirected simple graph with adjacency matrix Ag. The continuous-time
quantum walk on G is given by F(t) = exp(iAgt). Perfect state transfer (PST) occurs
in graph G when there exist distinct vertices a and b and some positive real number ¢
such that |F(t),,| = 1. This phenomenon is first studied in [8] within the framework
of quantum spin networks. Following this foundational work, numerous articles have
investigated PST on arithmetic graphs (see [5, 7, 11} 35] among others in this research
direction). It is known that any regular graph exhibiting PST must be integral—that is,
all its eigenvalues are integers (see [11}, [35]). Cayley graphs are, therefore, particularly

19



relevant because there is a rather complete classification of integral Cayley graphs (see
[12, 18] 26} 38]). In this section, we study the relationship between the non-existence of
PST on a Cayley graph defined over a ring R and the n-property of R. To do spectral
analysis, we will restrict ourselves to a class of rings called the Z /m-symmetric Frobe-
nius rings (see [15, 19]). We remark that every finite ring is an algebra over Z /m for
some m (for example, m could be the characteristics of R). This kind of ring was first
studied by Lamprecht in his investigation into Gauss sums and Ramanujan sums. We
recall that a Z /m-algebra R is called a finite symmetric Frobenius ring if it is equipped
with a linear functional ¢ : R — Z /m such that

(1) y(ab) = ¢(ba) fora,b € R.
(2) ¢ is non-degenerate, meaning that the kernel of i does not contain any left-ideal
in R.
Associated to ¢, we can define a complex-valued character x of (R,+) by the rule
x(a) = C;’,Uq(a) where (;, is a fixed primitive m-root of unity. The non-degenerate property
of i implies that each character of (R, +) is of the form x, where x; : R — C* such that
Xxr(a) = x(ra). All examples that we discussed in Section 3| are symmetric Frobenius
rings. Furthermore, all finite semisimple rings are symmetric Frobenius rings (see [15]).
For a Cayley graph T'(R, S) over R, its spectrum is parametrized by R. More precisely,
the spectrum is the multiset {A, },cg where

A=Y x(s) = Yx(rs) = Y oh™.

sEeS SES sES

In [27], following the method of [5], we prove the following

Proposition 4.1. ([27, Theorem 4.1]) Lets € R\ {0}. There exists perfect state transfer from
0 to s at time t if and only if for all v, € R

(Ary = Ar) o + M =0 (mod 1).

Let us now explain the connection between the existence of PST on a Cayley graph
and the n-sum property. Let A be the abelian group generated the difference ry — 1
whenever A, — A;,. Proposition 4.1|implies that if there exists a PST between 0 and s at
time ¢, then 1(ds) = 0 for each d € A. In particular, A = R, then the non-degeneracy of
Y implies that s = 0, which is a contradiction.

Let U be a subgroup of R* such that —1 € U. The Cayley graph I'(R, S) is called an
U-unitary Cayley graph if S is stable under the left and right action of U (when U = R*,
we recover the definition of a gcd-graph as explained in Section 2}) In [27, Proposition
3.6], using supercharacter theory, we show that if r; = uyruy where u,up € U, then
Ay = Ar,. Consequently, if we denote Ay to be the abelian group generated by rq1 — 2
where 1,1 € U, then Ay C A. We then have the following theorem.
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Theorem 4.2. Let U C R* such that —1 € U. Suppose that R has the n-sum property with
respect to U. Let T'(R, S) be an U-unitary Cayley graph. Then T (R, S) has no PST.

Proof. We claim that Ay; = R. In fact, there exists a positive integer m such that R has
the 2m-sum property with respect to U (we can take m = [n/2].) By definition, Ay =
R. Since Ay C A, this shows that A = R as well. Consequently, there is no PST on
I'(R,S). O

We have the following immediate corollary.

Corollary 4.3. Let R be a finite ring with the 2-sum property. Let T (R, S) be a gcd-graph over
R. Then T (R, S) has no PST.

Finally, we show that there is no PST on the graph T'(L, U7, ) studied in Section

L/F
Proposition 4.4. Let L/ F be a finite extension of finite fields such that L # F. Then, the graph
(L, U}, ¢) has no PST.

Proof. If [L : F] > 3, then L has the 3-sum property with respect to Uf/ - Therefore, by
Theorem. (L, Uzt/ ) has no PST. Unfortunately, this argument does not work when
[L : F] = 2 since we do not know whether L has the n-sum property with respect to
ULi/ - We will use another argument which works for all cases.

Let A be the abelian group generated by elements of the form r; — r, where r{, 1, €
L* and Np,p(r1) = Np,p(r2). By definition, r; = ur, where N(u) = 1 and hence,
ue Uzc/ - We conclude that that r; and r; give rise to the same eigenvalue of I'(L, Uf/ £
namely A,, = A,,. This shows that A, C A. We claim that A; is an ideal in L. Clearly, A;
is closed under addition. Let us now show that aA, C A, for each a € L. In fact, we
have a(ry —ry) = (ary) — (ary). Since N(ary) = N(ar;), we conclude thata(r; —rp) € A
and hence aA, C A,. This shows that A, is an ideal in L. However, since L is a field, we
must have A, = L and hence A = L. We conclude that there is no PST on T'(L, ULi/ £

U
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